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PREFACE. 



The preceding editions of this work were published in 1830, 
1832, 1835, and 1840. This fifth edition differs from the 
three preceding, as to the body of the work, in nothing 
which need prevent the four, or any two of them, from 
being used together in a class. But it is considerably aug- 
mented by the addition of eleven new Appendixes,* relating 
to matters on which it is most desirable that the advanced 
student should possess information. The first Appendix, on 
Computation, and the sixth, on Decimal Money, should be 
read and practised by every student with as much attention 
as any part of the work. The mastery of the rules for in- 
stantaneous conversion of the usual fractions of a pound 
sterling into decimal fractions, gives the possessor the greater 
part of the advantage which he would derive from the intro- 
duction of a decimal coinage. 

At the time when this work was first published, the 
importance of establishing arithmetic in the young mind 
upon reason and demonstration, was not admitted by many. 
The case is now altered: schools exist in which rational 

** Some separate copies of these Appendixes are printed, for those 
vho may desire to add them to the former editions. 
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arithmetic is taught, and mere rules are made to do no more 

than their proper duty. There is no necessity to advocate 

a change which is actually in progress, as the works which 

are published every day sufficiently shew. And my principal 

reason for alluding to the subject here, is merely to warn 

those who want nothing but routine, that this is not the 

book for their purpose. 

A. De Morgan. 
London, May 1, 1846. 
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PRINCIPLES OF ARITHMETIC. 



SECTION I. 

NUMERATION. 

1. Imagine a multitude of objects of the same kind assembled 
together; for example, a company of horsemen. One of the first 
things that must strike a spectator, although unused to counting, is, 
that to each man there is a horse. Now, though men and horses are 
things perfectly unlike, yet, because there is one of the first kind to 
every one of the second, one man to every horse, a new notion will be 
formed in the mind of the observer, which we express in words by 
saying that there is the same numl>er of men as of horses. A savage, 
who had no other way of counting, might remember this number by 
taking a pebble for each man. Out of a method as rude as this has 
sprung our system of calculation, by the steps which are pointed out in 
the following articles. Suppose that there are two companies of horse- 
men, and a person wishes to know in which of them is the greater 
number, and also to be able to recollect how many there are in each. 

2. Suppose that while the first company passes by, he drops a pebble 
into a basket for each man whom he sees. There is no connexion 
between the pebbles and the horsemen but this, that for every horseman 

B 
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there is a pebble ; that is, in common language, the number of pebbles 
and of horsemen is the same. Suppose that while the second company 
passes, he drops a pebble for each man into a second basket r he will 
then have two baskets of pebbles, by which he will be able to convey 
to any other person a notion of how many horsemen there were in 
each company. When he wishes to know which company was the 
larger, or contained most horsemen, he will take a pebble out of each 
basket, and put them aside. He will go on doing this as often as he 
can. that is, until one of the baskets is emptied. Then, if he also find 
the other basket empty, he says that both companies contained the same 
number of horsemen ; if the second basket still contain some pebbles, 
he can tell by them how many more were in the second than in the 
first. 

3. In this way a savage could keep an account of any numbers in 
which he was interested. He could thus register his children, his cattle, 
or the number of summers and winters which he had seen, by means 
of pebbles, or any other small objects which could be got in large 
numbers. Something of this sort is the practice of savage nations at 
this day, and it has in some places lasted even after the invention of 
better methods of reckoning. At Rome, in the time of the republic, 
the praetor, one of the magistrates, used to go every year in great pomp, 
and drive a nail into the door of the temple of Jupiter; a way of 
remembering the number of years which the city had been built, which 
probably took its rise before the introduction of writing. 

4, In process of time, names would be given to those collections of 
pebbles which are met with most frequently. But as long as small 
numbers only were required, the most convenient way of reckoning 
thera would be by means of the fingers. Any person could make with 
his two hands the little calculations which would be necessary for his 
purposes, and would name all the different collections of the fingers. 
He wonld thus get words in his own language answering to one, two, 
three, four, five, six, seven, eight, nine, and ten. As his wants in- 
creased, he would find it necessary to give names to larger numbers; 
but here he would be stopped by the immense quantity of words which 
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he must have, in order to express all the numbers which he would be 
obliged to make use of. He must, then, after giving a separate name 
to a few of the first numbers, manage to express all other numbers by 
means of those names. 

5. I now shew how this has been done in our own language. The 
English names of numbers have been fDrmed from the Saxon : and in 
the following table each number after ten is written down in one 
column, while another shews its connexion with those which have pre- 
ceded it. 



One 




eleven 


ten and 


one* 


two 




twelve 


ten and two 


three 




thirteen 


ten and three 


four 




fourteen 


ten and four 


five 




fifteen 


ten and five 


six 




sixteen 


ten and 


six 


seven 




seventeen ten and 


seven 


eight 




eighteen 


ten and eight 


nine 




nineteen 


ten and 


nine 


ten 




twenty 


two tenf 


\ 


twenty-one 


two tens and one 




fifly 


five tens 


twenty-two 


two tens and two 




sixty 


six tens 


&c. &c. 


&c. &c. 




seventy 


seven tens 


thirty 


three tens 




eighty 


Bight tens 


&c. 


&c. 




ninety 


nine tens 


forty 


four tens 




a hundred 


ten tens 


&c 


&c. 








a 


I hundred and one 


ten tens and one 






&c. &c. 










a thousand 


ten hundreds 




- 


ten thousand 









* It has been supposed that eleven and twelve are derived flrom the Saxon for one 
Mfl and two left (meaning, after ten is removed) ; but there seems better reason to 
think that leven is a word meaning ten, and connected with decern. 
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a hundred thousand 

a million ten hundred thousand 

or one thousand thousand 
ten millions 
a hundred millions 

6. Words, written down in ordinary language, would yerj soon be 
too long for such continual repetition as takes place in calculation. 
Short signs would then be substituted for words; but it would be im- 
possible to ha^re a distinct sign for everj number: so that when some 
few signs had been chosen, it would be convenient to invent others 
for the rest out of those already made. The signs which we use are 
as follow : 

123456789 
nought one two three four five six seven eight nine 

1 now proceed to explain the way in which these signs are made to 
represent other numbers. 

7. Suppose a man first to hold up one finger, then two, and so 
on, until he hiis held up every finger, and suppose a number of men 
to do the same thing. It is plain that we may thus distinguish one 
number from another, by causing two different sets of persons to hold 
up each a certain number of fingers, and that we may do this in many 
different ways. For example, the number fifteen might be indicated 
either by fifteen men each holding up one finger, or by four men each 
holding up two fingers and a fifth holding up seven, and so on. The 
question is. of all these contrivances for expressing the number, which 
is the most convenient ? In the choice which is made fbr this purpose 
consists what is called the method of numeration, 

8. I have used the foregoing explanation because it is very probable 
that our system of numeration, and almost every other which is used 
in the world, sprung from the practice of reckoning on the fingers, 
which children usually follow when first they begin to count. The 
method which I have described is the rudest possible; but, by a little 
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alteration, a system may be formed which will enable us to express 
enormous numbers with great ease. 

9. Suppose that you are going to count some large number, for 
example, to measure a number of yards of cloth. Opposite to yourself 
suppose a man to be placed, who keeps his eye upon you, and holds up 
a finger for every yard which he sees you measure. When ten yards 
have been measured he will have held up ten fingers, and will not ho 
able to count any further unless he begin again, holding up one finger at 
the eleventh yard, two at the twelfth, and so on. But to know how 
many have been counted, you must know, not only how many fingers 
he holds up, but also how many times he has begun again. You may 
keep this in view by placing another man on the right of the former, 
who directs his eye towards his companion, and holds up one finger the 
moment he perceives him ready to begin again, that is, as soon ha ten 
yards have been measured. Each finger of the first man stands only for 
one yard, but each finger of the second stands for as many as all the 
fingers of the first together, that is, for ten. In this way a hundred 
may be counted, because the first may now reckon his ten fingers once 
for each finger of the second man, that is, ten times in all, and ten tens 
is one hundred (5).* Now place a third man at the right of the second, 
who shall hold up a finger whenever he perceives the second ready to 
begin again. One finger of the third man counts as many as all the 
ten fingers of the second, that is, counts one hundred. In tills way we 
may proceed until the third has all his fingers extended, which will 
signify that ten hundred or one thousand have been counted (5). A 
fourth man would enable us to count as far as ten thousand, a fiAh 
as fur as one hundred thousand, a sixth as far as a million, and so 
on. 

10. Each new person placed himself towards your lefl in the rank 
opposite to you. Now rule columns as in the next page, and to the 
right of them all place in words the number which you wish to re])re- 
sent ; in the first column on the right, place the number of fingeis 

* The references are to the preceding article*. 
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which the Ent man will be holding up when that numb«T of jarda haa 
been measured. In the neit column, pluce the fingers which the second 
man will then be holding up ; and bo on. 



7 fifty-eeven. 

4 one hundred and foui. 
□ one hundred and ten. 

5 two thousand three hundred and fblty- 

6 Gfleen thousand nine hundred and eix. 



; three million, six hundred and uinety- 
aeren thousand, two hundred and 
eighty-five. 

11. In I. the number fifty-aeren is expressed. Thia means (5} live 
tens and aeren. The firat has therefore connt«d all his lingert five 
timea, and has counted seven fingera more. This is shewn by Eve 
fingers of the second man being held up, and seven of the fiitf. In II. 
the number one hundred and four is represented. This number is (5) 
ten tens and four. The second person has therefore just reckoned oil 
hia fingers once, nhich is denoted by the third person holding up one 
finger ; but he has not yet begun ^ain, because he does not hold up 
a finger until the first boa counted ten, of which ten only fbui are 
completed. When all the last-mentioned ten bate been counted, he 
then holds np one finger, and the firat being ready to begin again, has 
no fingers extended, and the number obtained is eleven tesa, or ten 
tens and one ten, or one hundred and ten. Thia ia the case in III. 
You will now find no difficulty with the other numbers in the table. 

12. In all these nnmben a figure in the first column stands fbi 
only as many yards as are written under that figure in (6), A figure 
in tbe second column stands, not for as many yards, but for as many 
tens of yards ; a figure in tbe third column stands for as many hundreds 
of yarda ; in tbe foiulh column fbr as many thousaads of yards; and so 
on -. that is, if we suppose a figure to move ^m any column to the one 



g 12-15. NUMERATION. 7 

on its left, it stands for ten times as many jrards as before. Recollect 
this, and you may cease to draw the lines between the columns, be- 
cause each figure will be sufficiently well knovm by the place in which 
it is ; that is, by the number of figures which come upon the right hand 
of it. 

13. It is important to recollect that this way of writing numbers, 
which has become so femiliar as to seem the natural method, is not 
more natural than any other. For example, we might agree to signify 
one ten by the figure of one with an accent, thus, i' ; twenty or two 
tens by 2'; and so on: one himdred or ten tens by i''; two hundred 
by 2*' ; one thousand by i'" ; and so on : putting Roman figures for 
accents when they become too many to write with convenience. The 
fourth number in the table would then be written i'" 3'' 4' 8, which 
might also be expressed by 8 4' 3" 2'", 4' 8 3" 2'" ; or the order of the 
figures might be changed in any way, because their meaning depends 
upon the accents which are attached to them, and not upon the place 
in which they stand. Hence, a cipher would never be necessary ; for 
104 would be distinguished from 14 by writing for the first i''4, and for 
the second i'4. The common method is preferred, not because it is 
more exact than this, but because it is more simple. 

14. The distinction between our method of numeration and that 
of the ancients, is in the meaning of each figure depending partly upon 
the place in which it stands. Thus, in <|<t<t<)4 each four stands for four 
Q^ something; but in the first column on the right it signifies only four 
of the pebbles which are counted ; in the second, it means four col- 
lections of ten pebbles each ; in the third, four of one hundred each ; 
and so on. 

15. The things measured in (11) were yards of cloth. In this case 
one yard of cloth is called the unit. The first figure on the right is 
said to be in the units* place, because it only stands for so many units 
as are in the number that is written under it in (6). The second 
figure is said to be in the tens* place, because it stands for a number 
of tens of units. The third, fourth, and fifth figures are in the places 
of the hundreds, thousands, and tens of thousands^ for a similar reason. 
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16. If the quantity measured had been acres of land, an acre of 
land would have been called the unitt for the unit is one of the things 
which are measured. Quantities are of two sorts ; those which contain 
an exact number of units, as 47 yards, and those which do not, as 47 
yards and a hal£ Of these, for the present, we only consider the first 

17. In most parts of arithmetic, all quantities must have the same 
unit. You cannot say that 2 yards and 3 feet make 5 yards or 5 feet, 
because 2 and 3 make 5 ; yet you may say that 2 yanls and 3 yards 
make 5 yards, and that 2 feet and 3 feet make 5 feet. It would be 
absurd to try to measure a quantity of one kind with a unit which is a 
quantity of another kind ; for example, to attempt to tell how many 
yards there are in a gallon, or how many bushels of com there are in a 
barrel of wine. 

18. All things which are true of some numbers of one unit are true 
of the same numbers of any other miit. Thus, 15 pebbles and 7 pebbles 
together make 22 pebbles; 15 acres and 7 acres together make 22 acres, 
and so on. From this we come to say that 1 5 and 7 make 22, meaning 
that 15 things of the same kind, and 7 more of the same kind as the 
first, together make 22 of that kind, whether the kind mentioned be 
pebbles, horsemen, acres of land, or any other. For these it is but 
necessary to say, once for all, that 15 and 7 make 22. Therefore, in 
future, on this part of the subject I shall cease to talk of any particular 
units, such as pebbles or acres, and speak of numbers only. A number, 
considered without intending to allude to any particular things, is called 
an abstract number : and it then merely signifies repetitions of a unit, 
or the number of times a unit is repeated. 

19. I will now repeat the principal things which have been men- 
tioned in this chapter. 

I. Ten signs are used, one to stand for nothing, the rest for the 
first nine numbers. They are o, i, 2, 3, 4, 5, 6, 7, 8, 9. The first of 
these is called S cipher. 

II. Higher numbers have not signs for themselves, but are signified 
by placing the signs already mentioned by the side of each other, and 
agreeing that the first figure on the right hand shall keep the value 
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which it has when it stands alone ; that the second on the right hand 
shall mean ten times as many as it does when it stands alone ; that the 
third figure shall mean one hundred times as many as it does when it 
stands alone ; the fourth, one thousand times as many ; and so on. 

III. The right-hand figure is said to be in the units* pktoe, the 
next to that in the tens* place^ the third in the hundreds* pUtce^ and 
so on. 

IV. When a number is itself an exact number of tens, hundredo, 
or thousands, &c, as many ciphers must be placed on the right of it as 
will bring the number into the place which is intended for it. The 
following are examples : 

Fifty, or five tens, 50 : seven hundred, 700. 
Five hundred and twenty-eight thousand, 528000. 

If it were not for the ciphers, these numbers would be mistaken for 
5, 7, and 528, 

V. A cipher in the middle of a number becomes necessary when any 
one of the denominations, units, tens, &c. is wanting. Thus, twenty 
thousand and six is 20006, two hundred and six is 206. Ciphers might 

m 

be placed at the beginning of a number, but they would have no 
meaning. Thus 026 is the same as 26, since the cipher merely shews 
that there are no hundreds, which is evident from the number itself. 

20. If we take out of a number, as 16785, any of those figures which 
come together, eis 67, and ask, what does this sixty-seven mean? ot 
what is it sixty-seven ? the answer is, sixty-seven of the same collections 
as the 7, when it weis in the number; that is, 67 hundreds. For the 
6 is 6 thousands, or 6 ten hundreds, or sixty hundreds; which, with 
the 7, or 7 hundreds, is 67 hundreds: similarly, the 678 is 678 tens. 
This number may then be expressed either as 

I ten-thousand 6 thousands 7 hundreds 8 tens and 5 ; 
or 16 thousands 78 tens and 5 ; or i ten thousand 678 tens and 5 ; 
or 167 hundreds 8 tens and 5 ; or 1678 tens and 5, and so on. 

21. £X££CISES. 

I. Write down the signs for ; — four hundred and seventy-six ; two 
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thousand and ninety-seven ; sixty-four thousand three hundred and 
fifty ; two millions seven hundred and four ; five hundred and seventy- 
eight millions of millions. 

II. Write at full length 53, 1805, 1830, 66707, 180917324, 66713721, 
90976390, 25000000. 

III. What alteration takes place in a number made up entirely of 
nines, such as 99999, by adding one to it ? 

IV. Shew that a number which has five figures in it must be greater 
than one which has four, though the first have none but small figures in 
it, and the second none but large ones. For example, that loiii is 
greater than 9879. 

22. You now see that the convenience of our method of numeration 
arises from a few simple signs being made to change their value as they 
change the column in which they are placed. The same advantage 
arises from counting in a similar way all the articles which are used 
in every-day life. For example, we count money by dividing it into 
pounds, shillings, and pence, of which a shilling is 12 pence, and a 
pound 20 shillings, or 240 pence. We write a number of pounds, 
shillings, and pence in three columns, generally placing points between 
the columns. Thus, 263 pence would not be written as 263, but as 
£1 . I . II, where £ shews that the 1 in the first column is a pound. 
Here is a system cf numeration in which a number in the second column 
on the right means 12 times as much as the same number in the first ; 
and one in the third column is twenty times as great as the same in the 
second, or 240 times as great as the same in the first. In each of the 
tables of measures which you will hereafter meet with, you will see a 
separate system of numeration, but the methods of calculation for all 
will be the same. 

23. In order to make the language of arithmetic shorter, some other 
signs are used. They are as follow : 

I. X5-(-38 means that 38 is to be added to 15, and is the same thing 
as 53. This is the sum of 15 and 38, and is read fifteen plus thirty- 
eight {pltLS is the Latin for more), 

II. 64—12 means that 12 is to be taken away from 64, and is the 
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same thing as 52. This is the difference of 64 and 12, and is read sixtr- 
four mintis twelve {mintu is the Latin for less). 

III. 9x8 means that 8 is to be taken 9 times, and is the same thing 

as 72. This is the product of 9 and 8, and is read nine into eight. 

108 

IV. -7- means that 108 is to be divided by 6, or that you must 

o 

find out how many sixes there are in 108 ; and is the same thing as 18. 
This is the quotient of 108 and 6 ; and is read a hundred and eight 
5y six. 

V. When two numbers, or collections of numbers, with the fore- 
going signs, are- the same, the sign » is put between them. Thus, 
that 7 and 5 make 12, is written in this way, 7+5=12. This is called 
an equation^ and is read, seven plus five equals twelve. It is plain that 
we may construct as many equations as we please. Thus : 

7+9—3=12+1 ; 1 + 3x2=11, and so on. 

24. It often becomes necessary to speak of something which is true 
not of any one number only, but of all numbers. For example, take 
10 and 7 ; their sum* is 17, their difference is 3. If this sum and 
difference be added together, we get 20, which is twice the greater of 
the two numbers first chosen. If from 17 we take 3, we get 14, which 
is twice the less of the two numbers. The same thing will be found to 
hold good of any two numbers, which gives this general proposition, — 
If the sum and difference of two numbers be added together, the result 
is twice the greater of the two ; if the difference be taken from the sum, 
the result is twice the lesser of the two. If, then, we take any numbers, 
and call them the first number and the second number, and let the first 
number be the greater ; we have 

(ist No.+2d No.)+(i8t No.— 2d No.) = twice ist No. 
(ist No.+2d No.)— (ist No.— 2d No.) = twice 2d No. 

The brackets here enclose the things which must be first done, be- 
fore the signs which join the brackets are made use of. Thus, 

* Any little computations which occur in the rest of this section may be made on 
the fingers, or with counters. 
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8— (2+i)x(i-(-i) signifies that 2+1 must be taken i+i times, and the 
product must be subtracted from 8. In the same manner, any re- 
sult made from two or more numbers, which is true whatever numbers 
are taken,' may be represented by using first No., second No., &c, to 
stand for them, and by the signs in (23). But this may be much 
shortened ; for as first No., second No., &C., may mean any numbers, 
the letters a and b may be used instead of these words ; and it must 
now be recollected that a and b stand for two numbers, provided only 
that a is greater than b. Let twice a be represented by 20, and twice 
b by 26. The equations then become 

(a+6)+(a-6)=2a, and (a+6)-{a-6)=»2A. 
This may be explained still further, as follows : 

25. Suppose a number of sealed packets, marked a, 6, c, d^ &C., on 
the outside, each of which contains a distinct but unknown number 
of counters. As long as we do not know how many counters each 
contains, we can make the letter which belongs to eadi stand for its 
number, so as to talk of the number a, instead of the number in the 
packet marked a. And because we do not know the numbers, it does 
not thereforo follow that we know nothing whatever about them ; for 
there are some connexions which exist between all numbers, which we 
call general properties of numbers. For example, take any number, 
multiply it by itself and subtract one from the result ; and then sub- 
tract one from the number itself. The first of these will always contain 
the second exactly as many times as the original number increased by 
one. Take the number 6 ; this multiplied by itself is 36, which dimi- 
nished by one is 35 : again, 6 diminished by i is 5 ; and 35 contains 
5, 7 times, that is, 6+1 timcH. This will be found to be true of any 
number, and, when proved, may be said to be true of the number con- 
tained in the packet marked a, or of the number a. If we represent a 
multiplied by itself by aa/^ we have, by (23) 

aa—i 



a— I 



s=a+i. 



* This thoold be (28) 0x0^ but the sign x Is unnecessary here. It is used with 
numbers, as In 2x 7| to prevent confounding this, which is 14, with 27. 
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26. When, therefore, we wish to talk of a number without specify- 
ing anj- one in particular, we use a letter to represent it. Thus: 
Suppose we wish to reason upon what will follow from dividing a num « 
ber into three parts, without considering what the number is, or what 
are the parts into which it is divided. Let a stand for the number, 
and b, 0, and d^ for the parts into which it is divided. Then, by our 
supposition, 

a = b+o+d. 

On this we can reason, and produce results which do not belong to any 
particular number, but are true of all. Thus, if one part be taken away 
from the number, the other two will remain, or 

a—b =■ o+d. 

If each part be doubled, the whole number will be doubled, or 

2a B 26+2C+2(f. 

If we diminish one of the parts, as </, by a number dr, we diminish the 
whole number just as much, or 

27. EXERCISES. 

What is a+2b^e, where «*= 12, 6s» 18, o—j ? — Antwerp 41. 

What is ; — ^ where a«6 and 6=2 ? — Aru. 8. 

a— 

What is the difference between (a+6) (p+d) and a+be+d, for the 
following values of a, b, 0, and df 



a 


b 


e 


d 


Ant* 


X 


2 


3 


4 


10 


t 


12 


7 


I 


*S 


J 


1 


f 1 


1 


I 
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28* There It no pmceai in anUunede whicfa doei sot 
in the inenoMte or diminntion of nnmhen. Thefe is then nothmg vfaidi 
insght not he done with eollections of pebblea. Probablr, at fint, either 
these or the fingen were used. Onr word ceiinytofMis is doired fiom 
the Lothi word ealeulut^ which means a pehhle. Shorter ways of 
counting have been inirented, hj which many calcolationa, whidi would 
require long and tedious reckoning if pd>bles were used, are made at 
once with rery little trouble. The four great methods are. Addition, 
Hubtractlon, Multiplication, and DiTiaion ; of which, the last two are 
f/nlj ways of doing leveral of the first and second at once. 

29. When one number is increased by others, the number which is 
as large as all the numbers together is called their sum. The process 
of finding the sum of two or more numbers is called Addition, and, 
as was said before, is denoted by placing a cross (•(-) between the 
numbers which are to be added together. 

Suppose it re({uired to find the sum of 1834 and 2799. In order to 
add those numbers, take them to pieces, dividing each into its units^ 
tens, hundreds, and thousands : 

1834 is I thous. 8 hund. 3 tens and 4 ; 
2799 is 2 thous. 7 hund. 9 tens and 9. 

Koch number is thus broken up into four parts. If to each part ot 
the first you add the part of the second which is under it, and then put 
together what you got ftom these additions, you will have added 1834 and 
1799. In the first number are 4 units, and in the second 9 : these will, 
when the numbers are added together, contribute 13 imits to the sum. 
Again, the 3 tens in the first and the 9 tens in the second will contri- 
bute 11 tens to tlio sum. The 8 hundreds in the first and the 7 hundreas 
In the second will add 15 hundreds to the sum ; and the thousand in 
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the first with the 2 thousands in the second will contribute 3 thousands 
to the sum ; therefore the sum required is 

3 thousands, 15 hundreds, 12 tens, and 13 units. 

To simplify this result, you must recollect that — 

13 units are i ten and 3 units. 

12 tens are x hund. and 2 tens. 

15 hund. are x thous. and 5 hund. 

3 thous. are 3 thous. 

Now collect the numbers on the right-hand side together, hs was 
done before, and this will give, as the sum of 1834 and 2799, 

4 thousands, 6 hundreds, 3 tens, and 3 units, 
which (19) is written 4633. 

80. The former process, written with the signs of (23) is as follows : 

i834» 1x1000+8x100+3x10 + 4 
2799 » 2x 1000 + 7x 100 + 9x 10 + 9 

Therefore, 

1834+ 2799 a 3x1000+ 15x100+ 12x10+13 
But 13 a* IXX0+ 3 

I2X 10 8 1X100+ 2x10 

15X 100^1x1000+ 5x100 
3x 1000 ar 3x 1000 Therefore, 
1834+2799=4x1000+ 6x100+ 3x10+ 3 

-4633. 

31. The same process is to be followed in all cases, but not at the 
same length. In order to be able to go through it, you must know 
how to add together the simple numbers. This can only be done by 
memory; and to help the memory you should make the following table 
three or four times for yourself: 



FRIHCIPLBS 0* AUTBMBTIC. 





I 


> 


3 


4 


S 


6 


7 


8 


9 


. 


= 


3 


4 


5 


« 


7 


a 


9 


10 


- 


i 


4 


5 


6 


7 


8 


9 


IC 


" 


1 


4 


J 


g 


7 


£ 


9 


lO 


" 


22. 


4 


5| 6 


7 


8 


9 


lO 


" 


- 


*3 


5 


6 7 


« 


9 


,o 




I* 


13 


•4 


6 


7 8 


9 


lO 


'I 


,:. 


'3 


14 


'5 


7 


S 


9 


.o 




« 


"3 


>4 


15 


■6 


3 


9 


lO 


Ji 




'J 


•4 


■3 


]6 


'7 


9 


,o|., 


-1^3 


'4 


'S 


J* 


17 


■ E 



The n«e of thii table ia ai followi : Sappoea jaa want to fmd tlie 
nun of 8 and 7. Look in the left-hand colamii tot ether of them, 
i, for exampla; and look in the top column fi» 7. On the nine line 
as t, and underneath 7, jou find 15, their sum. 

32. When thig table haa been thoroughlj committed to memoij, ao 
that you can tell at once the anm of ui3r two numbera, neither of wtaich 
aiceeda 9, jou ihonld exerciae joutself in adding and subtracting tiro 
numben, one of which ii greater than 9 and the other leea. You ihould 
write down a great number of such sentences as the following, which 
will exeiciaB jou at the same time in addition, and in th« oae of the 
lipu nentioned in (23). 

11+6 ~iS M+6-18 19+8 — 17 
54+9 - 63 Sfr+7 ■= 63 »»+8 - 30 
too— f — 91 17—8= 19 44^6— 38, A& 

33L When the hut two aiticlei have been thoroughly stadied, *oa 
wilt be able to £nd the sum of any Dumbm by the fbllowmg prooea^* 
which ia the nme ai that in (29). 
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Role I. Place the numbeis under one another, units under uniti, 
tens under tens, and so on. 

II. Add together the units of all, and part the whoie number thus 
obtained into units and tens. Thus, if 85 be the number, part it into 
8 tens and 5 units ; if 136 be the number, part it into 13 tens and 
6 units (20). 

III. Write down the units of this number under the units of the 
fest, and keep in memory the number of tens. 

IV. Add together all the numbers in the column of tens, remember- 
ing to take in (or carry, as it is called) the tens which you were told to 
recollect in III., and divide this number of tens into tens and hundreds. 
Thus, if 335 tens be the number obtained, part this into 33 hundreds 
and 5 tens. 

y. Place the number of tens under the tens, and remember the 
number of hundreds. 

YI. Proceed in tlus way through every column, and at the last 
oolumn, instead of separating the number you obtain into two parts, 
write it all down before the rest 

Example.— What is 

1805+36+19727+3+ 1474 +2008 

1805 The addition of the units' line, or 8-(-4-(-3 f 7+64-5, gives 

36 33, that is, 3 tens and 3 units. Put 3 in the units* place, and 

X9727 add together the line of tens, taking in at the beginning the 

3 3 tens which were created by the addition of the units* line. 

1474 That is, find 3+0+7+2+3+0, which gives 15 for the number 

2008 of tens ; that is, i hundred and 5 tens. Add the line of hun- 

25053 dreds together, taking care to add the i hundred which arose 

in the addition of the line of tens ; that is, find x+0+4+7+8, which 

gives exactly 20 hundreds, or 2 thousands and no hundreds. Put a 

cipher in the hundreds' place (because, if you do not, the next figure 

will be taken for hundreds instead of thousands), and add the figures in 

the thousands' line together, remembering the 2 thousands which arose 

from the hundreds* line; that is, find 2+2+ 1+9+ 1, which gives 15 

c2 
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I ten thouBand and 5 thooauid. Write 5 under the 
line oF thoueandt, and collect tbe figure* in the line of t«a> of thounnda, 
rememberiag the ten thounnd which arose out of the thoiuauds' line ; 
that is, find i+i, ot 1 ten thounnds. Write 1 under the ten theuMtnds' 
line, and the operation ia completed. 

3i. As an eierciee in addition, 70U ma; eatia^ jouraelf that what I 
now «ay of the following aquaie ia correct. The numben in every tow. 
whether reckoned upright, or from right to left, or from corner to 
comer, when added togethm gire the number 241J6. 



1016 


4111 


.656 


3852 


1296 


349^1 936|3'3' S76 


2772 


216 


251 


2QS1 


4148 


.692 


jSBS 


1332 


3S2Sj 971 


3168 


6,2 


2412 


1448 


j8S 


logs 


4284 


1718 


39^4 


1,68 


3564 


.ooS 


2S0I 


64B 


684 


1484 


W 


1124 


432d 


■764 


396c 


.4=^ 


3104 


1044 


2S44 


1880 


7.C 


151C 


360 


1160 


43 S6 


I Boo 


36DD 


1440 


3»4° 


1080 


1116 


1916 


7S6 


^556 


396 


2:96 


3996 


,836 


3636 


.476 


3276 


ii" 


iiSi 


2951 


792 


2592 


36 


2232 


4031 


.871 


367* 


.511 


'548 


3348 


1188 


298B 


43^ 


2618 


71 


116S 


4068 


.908 


37Qg 


3744 


.584 


3384 


828 


3024 


4*3 


1664 


108 


1304 


,.04 


1944 


.9B0 


,780 


"^ 


3410 


ssj 


3060 


S. 


2700 


144 


2340 


414B 


4.76 


ifiic 


3.e 


iiSo 


3456 


900 


3096 


S4D 


^736 


lio 


2376 



36. If two number! raurt be added together, it will not alter the 
aum if jon take awaj a part of ono, proiided ;ou put on aa much to 
the other. It is plain that jou will not alter the whole number of a 
collection of pebblei in two baakete by taking any iimber out of one, 
and putting them into the other. Thua, 1J+7 ia t}-> enme aa ii+io, 
since II ia 3 leaa than 1 j, and 10 ia three more than 7. Tfaia waa the 
principle upon which the whole of the proceaa in (29) wu conducted. 

36. Let a and b aland for two numben, aa in (24). It ia imponible 
to tell what their aum will be until the numben themielvea are known. 
Id the mean while a+b atanda for thia aum. To say, in algebiBical 
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language, that the sum of a and b is not altered by addmg to a, pro- 
vided we take away from 6, we have the following equation : 

(a+o)+(h-c) — a+b ; 

which may be written without brackets, thus, 

a+c+b—c = a+b. 

For the meaning of these two equations will appear to be the same, on 
consideration. 

37. If a be taken twice, three times, &c., the results are represented 
in algebra by 2a, 3a, 4a, &c. The sum of any two of this series may 
be expressed in a shorter form than by writing the sign + between 
them ; for though we do not know what number a stands for, we know 
that^ be it what it may, 20+20=40, 30+20=50, 40+90=130 ; and gene- 
rally, if o taken m times be added to o taken n times, the result is a 
taken m+n times, or 

ma+na — (in+n)a. 

38. The use of the brackets must here be noticed. They mean, 
that the expression contained inside them must be used exactly as a 
single letter would be used in the same place. Thus, pa signifies that 
a is taken p times, and (m+n)a, that a is taken m+n times. It is, 
therefore, a different thing from m+na, which means that o, after 
being taken n times, is added to m. Thus (3+4) X2 is 7x2 or 14 ; while 
3+4x2 is 3+8, or II. 

39. When one number is taken away from another, the number 
which is left is called the difference or remainder. The process of 
finding the difference is called subtbaction. The number which is to 
be taken away must be of course the lesser of the two. 

40. The process of subtraction depends upon these two principles. 

I. The difference of two numbers is not altered by adding a number 
to the first, if you add the same number to the second ; or by sub- 
tracting a number from the first, if you subtract the same number from 
the second. Conceive two baskets with pebbles in them, in the first 
of which are 100 pebbles more than in the second. If I put 50 more 
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pebbift Into each of them, there are ftfll only loo more in die fint than 
la the iecond, and the nme if I take 50 from each. Thei efei e, in 
finding the diflSerenoe of two nmnben, if it ahoiild be oonTenient, I 
may add anj nomber I please to both of them, becaoae, though I alter 
the nmnben themielfet bj so doing, I do not alter their difference. 

II. Since 6 exceeds 4 bj 2, 
and 3 exceeds x by i, 
and 12 exceeds 5 by 7, 

6, 3, and 12 together, or 21, exceed 4, 2, and 5 together, or ii, by a, 
I, and 7 together, or 10 : the same thing may be said of any other 
numbers. 

41. If a, 6, and be three numbers, of which a is greater than h 
(40), I. leads to the following, 

(o+c)— (ft+c)«<*-6. 

Again, if be less than a and 6, 

(flp— c)— (J— c) — a— 6. 

The brackets cannot be here removed as in (36). That is, p*(9>— r) 
is not the same thing as p-g—r. For, in the first, the difference ofq 
and r is subtracted from p ; but in the second, first q and then r are 
subtracted from p, which is the same as subtracting as much as g and r 
together, or 7+r. Therefore p^^g-^ is p—{g+r). In order to shew 
how to remove the brackets from p— (7— r) without altering the value 
of the result; let us take the simple instance 12— (8— 5). If we subtract 
8 from 12, or form 12—8, we subtract too much ; because it is not 8 
which is to be taken away, but as much of 8 as is left after diminishing 
it by 5. In forming 12—8 we have therefore subtracted 5 too much. 
This must be set right by adding 5 to the result, which gives 12—8+5 
for the value of 12— (8— 5). The same reasoning applies to every case, 
and we have therefore, 

p-(^+r)-|)-9-r. 
By the tame kind of reasoning, 
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a—{b+c-'d—e) = a—b—c-¥d-¥e, 

2a+36— (a— 26) = 2a+36— a+2ft ■■ a+sb, 

4j?-fy-( lyjp—sy) « 4J?+y-i7*+9y «= 10^-13*. 

42. I want to find the difference of the numbers 57762 and 34631. 
Take these to pieces as in (29) and 

57762 is 5 ten-th. 7 th. 7 hund. 6 tens and 2 units. 
34631 is 3 ten-th. 4 th. 6 hund. 3 tens and i unit. 

Now 2 units exceed ... i unit by i unit. 



6 tens . • . • 

7 hundreds . . 
7 thousands . . 
5 ten-thousands 



3 tens 3 tens. 

6 hundreds ... 1 hundred. 

4 thousands ... 3 thousands. 
3 toi-thous. ... 2 ten-thous. 

Therefore, by (40, Principle II.) all the first column together exceeds 
all the second column by all the third column, that is, by 
2 ten-th. 3 th. i hund. 3 tens and i unit, 

which is 23 1 3 1. Therefore the difference of 57762 and 34631 is 23 131, 
or 57762^34631 = 23131. 

43. Suppose I want to find the difference between 61274 and 39628. 
Write them at length, and « 

61274 is ^ ten-th. i th. 2 hund. 7 tens and 4 units. 
39628 is 3 ten-th. 9 th. 6 hund. 2 tens and 8 units. 

If we attempt to do the same as in the last article, there is a diffi- 
culty immediately, since 8, being greater than 4, cannot be taken from 
it. But from (40) it appears that we shall not alter the difference of 
two numbers if we add the same number to both of them. Add ten m 
the first number, that is, let there be 14 units instead of four, and add 
ten also to the second number, but instead of adding ten to the number 
of units, add one to the number of tens, which is the same thing. The 
numbers will then stand thus, 

6 ten-thous. i thous. 2 hund. 7 tens and 14 uniU.* 
3 ten-thous. 9 thous. 6 hund. 3 tens and 8 units. 

* Those numbera which have been altered are put in italics. 
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You now see that the units and tens in the lower can be subtracted 
from those in the upper line, but that the hundreds cannot. To remedy 
this, add one thousand or 10 himdred to both numbers, which will not 
alter their difference, and remember to increase the hundreds in the 
upper line bj 10, and the thousands in the lower line by i, which are 
the same things. And since the thousands in the lower cannot be 
subtracted from the thousands in the upper line, add i ten thousand 
or 10 thousand to both numbers, and increase the thousands in the 
upper line by 10, and the ten thousands In the lower line by i, which 
are the same things ; and at the close the niunbers which we get 
will be, 

6 ten-thous. 11 thaiu, 12 hund, 7 tens and 14 units. 

4 ten-thau8, 10 thaus, 6 hund. 3 tens and 8 units. 

These numbers are not, it is true, the same as those given at the 
banning of this article, but their difference is the same, by (40). 
With the last-mentioned numbers proceed in the same way as in (42), 
which will give, as their difference, 

2 ten-thous. i thous. 6 hund. 4 tens, and 6 units, which is 21646. 

44. From this we deduce the following rules for subtraction : 

I. Write the number which ia to be subtracted (which is, of course, 
the lesser of the two, and is called the subtrahend) under the other, so 
that its units shall fiill under the units of the other, and so on. 

II. Subtract each figure of the lower line from the one above it, if 
that can be done. Where that cannot be done, add ten to the upper 
figure, and then subtract the lower figure ; but recollect in this case 
always to increaie the next figure in the lower line by i, before you 
b^gin to subtract it from the upper one. 

45. If there should not be as many figures in the lower line as in 
the upper one, proceed as if there were as many ciphers at the begin- 
ning of the lower line as will make the number of figures equal. You 
do not alter a number by placing ciphers at the beginning of it. For 
example, 00818 is the same number as 818, for it means 

o ten-thous. o thous. 8 hunds. i ten and 8 units ; 
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the first two ngiu are nothing, and the rest is 

8 hundreds, i ten, and 8 units, or 8i8. 

The second does not differ from the first, except in its heing said that 
there are no thousands and no tens of thousands in the number, which 
maj he known without their being mentioned at all. You may ask, 
perhaps, why this does not apply to a cipher placed in the middle of a 
number, or at the right of it, as, for example, in 28007 and 39700? 
But you must recollect, that if it were not for the two ciphers in the 
first, the 8 would be taken for 8 tens, instead of 8 thousands; and if it 
were not for the ciphers in the second, the 7 would be taken for 7 units, 
instead of 7 hundreds. 

46. EXAMPLE. 

What is the difference between 370829x640030174 

and 308x3649276x88 

Difference 3677477990753986 

EXEBOSES. 

I. What is 18337+ 149263200— 6472902 ? — Answer 142808635. 
What is 1000—464+3279—646 ? — Ans, 3169. 

II. Subtract 

64+76+144.— 18 from 33—2+100037. — Ans, 99802. 

III. What shorter rule might be made for subtraction when all the 
figures in the upper line are ciphers except the first? for example, 
in finding 

1 0000000— 27 3 1 6 34. 

lY. Find 18362+2469 and 18362—2469, add the second result to 
the first, and then subtract 18362; subtract the second from the first, 
and then subtract 2469. — Ansteer 18362 and 2469. 

y. There are four places on the same line in the order a, b, c, 
and D. From a to d it is 1463 miles; from a to c it is 728 miles ; and 
from B to D it is 1317 miles. How far is it from a to b, from b to c, 
and from c to d ? — Answer. From a to b 146, from b to c 582, and 
from c to D 735 miles. 
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VI. In the fbllowing table subtract b fh)m a, and b from the re- 
mainder, and so on until b can be no longer subtracted. Find how 
many times b can be subtracted from a, and what is the last remainder. 



A 


B 


No. of times. 


Remainder. 


23604 . , 


. . . 9999 - 


1 . 2 • • 


. 3606 


209961 


37173 


5 


24096 


74712 


6792 


II 





4802469 


654321 


7 


222222 


18849747 


3 141 592 


6 


195 


987654321 


123456789 


8 


9 



SECTION III. 



MULTIPLICATION. 



47. I have said that all questions in arithmetic require nothing 
but addition and subtraction. I do not mean bj this that no rule 
should ever be used except those given in the last section, but that all 
other rules only shew shorter ways of finding what might be found, 
if we pleased, by the methods there deduced. Even the last two rules 
themselves are only short and convenient ways of doing what may be 
done with a number of pebbles or counters. 

48. I want to know the sum of five seventeens, or I ask the 
17 following question : There are five heaps of pebbles, and seven- 
17 teen pebbles in each heap; how many are there in all? Write 
17 five seventeens in a column, and make the addition, which gives 
17 85. In this case 85 is called the product of 5 and 17, and the 
17 process of finding the product is called multiplication, which 
85 gives nothing more than the addition of a number of the same 
quantities. Here 17 is called the mtdtipHcand^ and 5 is called the 
muitiplier. 

49. If no question harder than this were ever proposed, there would 
be no occasion for a shorter way than the one here followed. But if 
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there were 1 3(17 heapa of pebbles, and 419 in each heap, the whole 
number ii thei^ 1167 timea 419, 01 439 multipUed by 1367. I should 
hv« to write 4±9 i}67 timea, and then to moke ui addition of eiK» 
momi length. To atoid thii, a Bhorter rule ia necevary, nhich I now 
proceed to eiplun. 

fC. The student muet first make hinuelf acquainted with the pro- 
duett of all numben as far as 10 times 10 by means of the following 
table,* which muit be committed to memory. 
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If from this table you wish to know what is 7 timea 6, look in the 
first upright column on the left for either of them ; 6 for example. 
Proceed to the right until you come into the column marked 7 at the. 
top. You there find 42, which ia the product of 6 and 7. 

Bl. You may find, in this way, either 6 limes 7, or 7 times 6, and 
for both you find 41. That is, six sevens is the same number as seven 
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sixes. This may be shewn as follows : Place seven counters in a line, 
and repeat that line in all six times. The number of punters in the 
whole is 6 times 7, or six sevens, if I reckon the rows from the top to 

the bottom ; but if I count the rows that stand 

side by side, I find seven of them, and six in each 

row, the whole number of which is 7 times 6, or 

seven sixes. And the whole number is 42, which- 

. . ..... ever way I count. The same method may be 

applied to any other two numbers. If the signs 

of (23) were used, it would be said that 7x6 « 6x7. 

52. To take any quantity a number of times, it will be enough to 
take every one of its parts the same number of times. Thus, a sack of 
com will be increased fifty-fold, if each bushel which it contains be 
replaced by 50 bushels. A country will be doubled by doubling every 
acre of land, or every county, 'which it contains. Simple aa this may 
appear, it is necessary to state it, because it is one of the principles on 
which the rule of multiplication depends. 

53. In order to multiply by any number, you may multiply sepsr 
rately by any parts into which you choose to divide that number, and 
add the results. For example, 4 and 2 make 6. To multiply 7 by 6 
first multiply 7 by 4, and then by 2, and add the products. This will 
give 42, which is the product of 7 and 6. Again, since 57 is made up 
of 32 and 25, 57 times 50 is made up of 32 times 50 and 25 times 50, 
and so on. If the signs were used, these would bo written thus : 

7x6 B 7x4 +7x2. 
50x57 « 50x32+50x25. 

54. The principles in the last two articles may be expressed thus • 
If a be made up of the parts jr, y, and jtr, ma is made up of nut^ mff, 
and nut ; or, 

if a ^ :p +p +z, 

ma B ms+m$fHnx, 
or, m{x+y+z) «■ mjf+mp-Hnz. 

k similar result may be obtained if a, instead of being made up of 
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J*, ^, and jtr, ia made by combined additions and subtractions, such as 
M+p—jfi Jt-^Mf 4r-y— Jtr, &c. To take the first as an instance : 

Let a = # +y —g, 

then ma = n u e l my -wjs. 

Fqi^ if a had been ^r+y» ma would have been mx+mp. But since a 
It leas than g+y by jv, too much by jg has been repeated every time 
that 4f+if has been repeated ; — that is, nut too much has been taken ; 
ocmsequently, ma is not mx-Hny^ but mdr-H»y— mjv. Similar reason- 
iqg may be applied to other cases, and the following results may be 
obtained: 

m^a-i-b+c—d) ^ ma+mb+mo~md, 

0(0-6) — aa-^, 70(7+26) — 490-1-14116. 

6(i»-6) » 6a— 66. (aa-HH-i)a » aaa+aa+a, 

3(20-46) « 60—126. (306—2^)4060 « 1200660—80600. 

55. There is another way in which two niunbers may be multiplied 

together. Since 8 is 4 times 2, 7 times 8 may be made by multiplying 

7 and 4, and then multiplying that product by 2. To shew this, place 

7 counters in a line, and repeat that line in all 8 times, as in figures 

I. and II. 

IL 



The number of counters in all is 8 times 7, or 56. But (as in fig. I.) 
enclose each four rows in oblong figures, such as a and b. The num- 
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ber in each oblong is 4 times 7, or 28, and there are two of those ob- 
longs; so that in the whole the number of counters is twice 28, or 
28x2, or 7 first multipled by 4, and that product multiplied by 2. 
In figure II. it is shewn that 7 multiplied by 8 is also 7 first multiplied 
by 2, and that product multiplied by 4. The same method may be 
applied to other numbers. Thus, since 80 is 8 times xo, 256 times 80 
is 256 multiplied by 8, and that product multiplied by 10. If we use 
the signs, the foregoing assertions are made thus : 

7x8 = 7x4x2 s= 7x2x4. 
256x80 B 256x8x10 = 256x10x8. 

EXERCISES. 

Shew that 2x3x4x5 » 2x4x3x5 » 5x4x2x3, &c. 
Shew that 18x100 » 18x57+18x43. 

56. Articles ^51) and (55) may be expressed in the following way, 
where by a5 we mean a taken b times ; by ado, a taken b times, and 
the result taken times. 

ah ■> ba, 

abc s tiob — boa » bae, &c, 
abc s= ax{bc) = bx{oa) =5 ex (nb). 

If we would say that the same results are produced by multiplying 
by 5, e, and d, one after the other, and by the product bod at once, we 
write the following : 

axbxcxd^axbcd. 

The fact is, that if any numbers are to be multiplied together, the 
pioduct -of any two or more maybe formed, and substituted instead of 
those two or more; thus, the product abcdefmay be formed by mul- 
tiplying . 

" ab ede f 

abf de 

abo def &c. 

57. In order to multiply by 10, annex a cipher to the right hand of 
the multiplicand. Thus, 10 times 2356 is 23560. To shew this, write 
2356 at length which is 
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2 thousandfl^ 3 hundredB, 5 tens, and 6 unit!. 

Take each of these parts ten times, which, bj (52), is the same as 
multiplying the whole number bj 10, and it will then become 

X tens of thou. 3 tens of hun. 5 tens of tens, and 6 tens, 
which is 2 ten-thou. 3 thous. 5 hun. and 6 tens. 

This must be written 23560, because 6 is not to be 6 units, but 6 tens. 
Therefore 2356x10 b 23560. 

In the same way you may shew, that in order to multiply by 100 
you must affix two ciphers to the right; to multiply by 1000 you must 
affix three ciphers, and so on. The rule will be best caught from the 
following table : 

13X 10 M 130 142X 1000 » 142000 

ijx 100 » 1300 23700X 10= 237000 

13X loooa 13000 3040X 1000 » 3040000 

13X10000 M 130000 lOOOOXIOOOOO a lOOOOOOOOO 

68, I now shew how to multiply by one of the numbers, 2, 3, 4, 5, 
6^ 7, 8, or 9. I do not include i, because multiplying by i, or taking 
the number once, is what is meant by simply writing down the number. 
I want to multiply 1368 by 8. Write the first number at foil length, 
which is 

I thousand, 3 hundreds, 6 tens, and 8 units. 

To multiply this by 8, multiply each of these parts by 8 (50) and (52), 
which will give 

8 thousands, 24 hundreds, 48 tens, and 64 units. 

Now 64 units are written thus ... 64 

48 tens 480 

24 hundreds 2400 

8 thousands 8000 

Add these together, which gives 10944 as the product of 1368 and 8, or 
1 368x8 » 10944. By working a few examples in this way you will see 
for following rule. 

o2 
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59. I. Multiply the first figure of the multiplicand by the multiplier, 
write down the units^ figure, and reserve the tens. 

II. Do the same with the second figure of the multiplicand, and 
add to the product the number of tens from the first ; put down the 
units' figure of this, and reserve the tens. 

III. Proceed in this way till you come to the last figure, and then 
write down the whole number obtained from that figure. 

IV. If there be a cipher m the multiplicand, treat it as if it were 
a number, observing that oxi ai o, oxa » o, &c. 

60. In a similar way a number can be multiplied by a figure which 
is accompanied by ciphers, as, for example^ 8000. Fofr Sooo is 8x1000, 
and therefore (55) you must first multiply by 8 and then by 1000, 
which last operation (57) is done by placing 3 ciphers on the right. 
Hence the rule in this case is. Multiply by the simple niunber, and 
place the number of ciphers which follow it at the right of the product. 

EXAMPLE. 

Multiply 1679423800872 
by 60000 



100765428052320000 

61. EXERCISES. 

What is 1007360x7 ? Answer f 7051520. 

123456789x9+10 and 123x9+4? — Ans, iiiiiixxii 

and iiii. 

What is 136x3+129x4+147x8+27x3000 ? — Atu. 83100. 

An army is made up of 33 regiments of infantry, each containing 
800 men ; 14 of cavalry, each containing 600 men ; and 2 of artillery, 
each containing 300 men. The enemy has 6 more regiments of infantry, 
each containing 100 more men; 3 more regiments of cavalry, each con- 
taining 100 men less ; and 4 corps of artillery of the same magnitude as 
those of the first: two regiments of cavalry and one of infantry desert 
firom the former to the latter. How many men has the second army 
more than the first ? — Answer^ 13400. 

62i Suppose it required to multiply 23707 by 4567. Since 4567 is 
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is 


165949 


• 

IB 


1422420 


• 

U 


11853500 


is 


94828000 



108269869 



made up of 4000, 500, 60, and 7, hj (53) we must multiply 23707 by 
each of these, and add the products. 

Now (68) 23707X 7 

(60) 23707X 60 

23707X 500 

23707x4000 

The sum of these is 

iriiich is the product required. 

It will do as well i^ instead of writing the ciphers at the end of each 
line, we keep the other figures in their places without them. If we take 
away the ciphers, the second line is one place to the left of the first, the 
thifd one place to the left of the second, and so on. Write the multiplier 
and the multiplicand orer these lines, and the process will stand thus : 

23707 63. There is one more case to be noticed ; that is, 

4567 where there is a cipher in the middle of the multiplier. 

165949 The following example will shew that in this case 

142242 nothing more is necessary than to keep the first figure 

1 18535 0^ ^^<^^ ^^ ^ ^^^ column under the figure of the 

94828 multiplier from which that line arises. Suppose it re- 

108269869 quired to multiply 365 by 10 zoo i. The multiplier is 

made up of looooo, 1000 and i. Proceed as before, and 

365x1 is 365 

(67) 365x1000 is 365000 

365x100000 is 36500000 

The sum of which is 36865365 

and the whole process with the ciphers struck off is : 



365 

lOIOOI 

365 

365 
36865365 



64. The following is the rule in all cases : 

I. Place the multiplier under the multiplicand, so 
that the units of one may be under those of the other. 

II. Multiply the whole multiplicand by each figuro 
of the multiplier (59), and place the unit of each line in 
the column under the figure of the multiplier from which 



it came. 
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III. Add together the lines obtained by II. column by column. 

65. When the multiplier or multiplicand, or both, have ciphers on 
the right hand, multiply the two together without the ciphers, and then 
place on the right of the product all the ciphers that are on the right 
both of the multiplier and multiplicand. For example, what is 3200 
XI 3000? First, 3200 is 32x100, or one hundred times as great as 32. 
Again, 32x13000 is 32x13, with three ciphers affixed, that is 416, with 
three ciphers affixed, or 4x6000. But the product required must be 
100 times as great as this, or must have two ciphers affixed. It is 
therefore 41600000, haying as many ciphers as are in both multiplier 
and multiplicand. 

66. When any number is multiplied by itself any number of times, 
the result is called a power of that niunber. Thus : 

6 is called the first power of 6 
6x6 . . second power of 6 
6x6x6 . . third power of 6 
6x6x6x6 . fourth power of 6 
&c. &C. 

The second and third powers are usually called the tquam and oube^ 
which are incorrect names, derived from certain connexions of the se- 
cond and third power with the square and cube in geometry. As exer- 
cises in multiplication, the following powers are to be found. 



Number piopofed 


Square. 






Cube. 
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944.784 






918330048 


1008 




10 I 6064 






1024192512 


3141 




9872164 






31018339288 


3163 




10004569 
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The fifth power of 


' 36 
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60466176 




• • • 


fourth . . 


50 


• •• 


6250000 
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fourth . • 


108 


••• 


136048896 
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fourth . • 


277 


••• 


5887339441 
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67. It is required to multiply a+6 by c+cf, that is, to take a+b as 
many times as there are units in c+d. By (53) a+b must be taken e 
times, and d times, or the product required is* {a+b)c+(a+b)d. But 
(52) {a+b)o is ac+bc^ and {a+b)d is ad+bd; whence the product required 
h ae+be+ad+bd ; or, 

(a+bXo+d) = ao+bo+ad+bd. 

By similar reasoning (a—b){c+d) is (a— 5)c+(a— 5)rf, or, 

(a— 5) (c+d) =» ao—bo+ad^bd. 

To multiply a--5 by o— <^, first take a— 5 o times, which gives ao—bo. 
This is not correct ; for in taking it o times instead of o—d times, we 
haye taken it d times too many ; or have made a result which is {fl^)d 
too great. The real result is therefore oo— io— (a— 5)d. But (dH-5)d is 
ad— hat ai^<l therefore 

{ar-b){p—d) as ao—bo^{ad-bd) 

= ao-bo-ad+bd (41) 

From these three examples may be collected the following rule tot 
the multiplication of algebraic quantities : 'Multiply each term of the 
multiplicand by each term of the multiplier ; when the two terms have 
both + or both — before them, put + before their product ; when one 
has •!■ and the other — , put — before their product. In using the first 
terms, which have no sign, apply the rule as if they had the sign + . 

68, For example, (a+5)(a+6) gives aa+ab+ab+bb. But ah-¥ah is 
zdbi hence the square o( a+b is aa+2a5+56. Again {a—b)(a-~b) gives 
aa—ab-^ab+bb. But two subtractions of ab are equivalent to subtract- 
ing %ab i hence the square of a—b is aa^2ab+bb. Again, (a+b){a—b) 
gives aa+ab—ab—bb. But the addition and subtraction of ab makes no 
change ; hence the product of a+b and €t-~b is aa—bb. 

Again, the square of a+b+c+d or {a+b+o+d){a+b+c+d) will be found 
to be aa+zab+iao+zad+bb+zbc+2,bd+cc+2cd+dd; or the rule for squaring 
such a quantity is : Square the first term, and multiply all that come 
qflter by twice that term ; do the same with the second, and so on to 
the end. 
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SECTION IV. 

DIVISION. 

69. Suppose 1 ask whether 156 can be divided into a number of 
parts each of which is 13, or how many thirteens 156 contains; I pro- 
pose a question, the solution of which is called division. In this case, 
156 is called the dividend, 13 the divisor, and the number of parts re- 
quired is the quotient; and when I find the quotient, I am said to 
divide 156 by 13. 

70. The simplest method of doing this is to subtract 13 from 156, 
and then to subtract 13 from the remainder, and so on ; or, in common 
language, to tell offis^ by thirteens. A similar process has already 
occurred in the exercises on subtraction. Art. (46). Do this, and mark 
one for every subtraction that is made, to remind you that each sub- 
traction takes 13 once from 156, which operations will stand as follows : 

156 Begin by subtracting 13 from 156, which leaves 143. Sub- 

13 I 

*— — tract 13 from 143, which leaves 130; and so on. At last 13 

'3 ' only remains, from which when 13 is subtracted, there remains 
nothing. Upon counting the number of times which you have 
subtracted 13, you find that this number is 12 ; or 156 contains 
twelve thirteens, or contains 13 twelve times. 

This method is the most simple possible, and might be done 
with pebbles. Of these you would first count 156. You would 
then take 13 from the heap, and put them into one heap by 
themselves. You would then take another 13 from the heap, 
and place them in another heap by themselves ; and so on until 
there were none left. You would then count the number of 
heaps, which you would find to be 12. 

71. Division is the opposite of multiplication. In multi- 
plication you have a number of heaps, with the same number 
of pebbles in each, and you want to know how many pebbles 
there are in alL In division you know how many there are 
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in all, and how many there are to be in each heap, and you want 
to know how many ?ieaps there are. 

72. In the last example a number was taken which contains an 
exact number of thirteens. But this does not happen with erery num- 
ber. Take, for example, 159. Follow the process of (70), and it will 
appear that after having subtracted 13 twelve times, there remains 3, 
from which 13 cannot be subtracted. We may say then that 159 con- 
tains twelve thirteens and 3 over; or that 159, when divided by 13, 
gives a quotient 12, and a remainder 3. If we use signs, 

159 « 13x12+3. 

EXEBCISE8. 

1463924x6+2, or 146 contains six twenty-fours and 2 over. 
146 » 6x24+2, or 146 contains twenty-four sixes and 2 over. 
300 » 42x7+6, or 300 contains seven forty-twos and 6 over. 
39624 s 7»77>«5+3»39« 

73. If a contain b q times with a remainder r, a must be greater 

than bqhy r ; that is, 

a as bq-\rr. 

If there be no remainder, a » bq. Here a is the dividend, b the divisor, 
q the quotient, and r the remainder. In order to say that a contains 
b q times, we write, 

- = y, ora:6«y, 

which in old books is often found written thus : 

a-*4}—q. 

74. If I divide 156 into several parts, and find how often 13 is 

contained in each of them, it is plain that 156 contains 13 as often as 

all its parts together. For example, 156 is made up of 91, 39, and 26. 

Ofthese 

91 contains 137 times, 

39 contains 133 times, 

26 contains 13 2 times; 

therefore 9X+39f26 contains 13 7+34-2 times, or 12 times. 

\gain, 156 is mftde up of 100, 50, and 6. 
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Novir 100 contains 137 times and 9 over, 
50 contains 13 3 times and it over. 
6 contains 13 o times* and 6 over. 
Therefore 10x3+50+6 contains 13 7+3-K) times and 9+11+6 over ; or 
156 contains 13 10 times and 26 over. But 26 is itself 2 thirteens; 
therefore 156 contains 10 thirteens and 2 thirteens, or 12 thirteens. 

75. The result of the last article is expressed by^ saying, that if 

. , ^, a bod 

a^b+c+d, then — = — + — + — • 
izi m m tn 

• 

76. In the first example I did not take away 13^ more than once at 
a time, in order that the method might be as simple as possible. But 
if I know what is twice 13, 3 times 13, &c., I can take away as many 
thirteens at a time as I please, if I take care to mark at each step how 
many I take away. For example, take away 13 ten times at once from 
156, that is, take away 130, and afterwards take away 13 twice, or take 
away 26, and the process is as follows : 

156 

130 10 times 13. 

~6 

26 2 times 13. 

o 
Therefore 156 contains 13 10+2, or 12 times. 

Again, to divide 3096 by 18. 

3096 Therefore 3096 contains 18 100+50+20+2, or 

1800 100 times 18. 172 times. 

1296 77. You will now understand the following 

900 50 times 18. sentences, and be able to make similar assertions 

396 of other numbers. 

360 20 times 18. 450 is 75x6; it therefore contains any number, 

j6 as 5t 6 times as often as 75 contains it. 

36 2 times 18. 

o 
* To speak always in the sas-.e way, instead of saying that 6 does not contain 18, 

I say that it contains it times and 6 over, which is merely saying that 6 is 6 
more than nothing. 
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135 3 26 times; therefore, 

m S 

Twice 135 .1 3 € 52 or twice 26 « 

5 g " 

10 times 135 I 3 I 260 or 10 times 26 

50 times 135 3 1300 or 50 times 26 

472 contains 18 more than 21 times ; therefore, 
4720 contains 18 more than 210 times, 
47200 contains 18 more than 2100 times, 
472000 contains 18 more than 21000 times, 
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78. The foregoing articles contain the principles of division. The 
question now is, to apply them in the shortest and most convenient way 
Suppose it required to divide 4068 by 18, or to find ^-5- (23). 

If we divide 4068 into any number of parts, we may, by the process 
followed in (74), find how many times 18 is contained in each of these 
parts, and from thence how many times it is contained in the whole. 
Now, what separation of 4068 into parts will be most convenient ? 
Observe that 4, the first figure of 4068, does not contain 18 ; but that 
40, the first and second figures together, does contain 18 more than twioe^ 
but less than three times,* But 4068 (20) is made up of 40 hundreds, 
and 68 ; of which, 40 hundreds (77) contains 18 more than 200 times, 
and less than 300 times. Therefore, 4068 also contains more than 200 
times 18, since it must contain 18 more times than 4000 does. It also 
contains 18 less than 300 times, because 300 times 18 is 5400, a greater 
number than 4068. Subtract 18 200 times from 4068 ; that is, subtract 
3600, and there remains 468. Therefore, 4068 contains 18 200 times, 
and as many more times as 468 contains 18. 

It remains, then, to find how many times 468 contains 18. Proceed 

* If you have any doubt as to this expression, recollect that it means "contains 
more than two eighteens, but not so much as three." 

E 
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exactly as before. Observe that 46 contains 18 more than twice, and 
leas than 3 times ; therefore, 460 contains it more than 20, and less 
than 30 times (77) ; as does also 468. Subtract 18 20 times from 468, 
that is, subtract 360 ; the remainder is 108. Therefore, 468 contains 
18 20 times, and as many more as 108 contains it. Now, 108 is found 
to contain 18 6 times exactly ; therefore, 468 contains it 20+6 times, 
and 4068 contains it 200+20+6 times, or 226 times. If we write down 
the process that has been followed, without any explanation, putting 
the divisor, dividend, and quotient, in a line separated by parentheses. 
it will stand, as in example (A). 

Let it be required to divide 36326599 by 1342 (B). 

B. 

1 342) 36326599(20000+7000+60+9 

26840000 



A. 



9486599 18)4068(200+20+6 
9394000 3600 

92599 468 

80520 360 

12079 108 

12078 108 



As in the previous example, 36326599 is separated into 36320000 
and 6599 ; the first four figures 3632 being separated from the rest, 
because it takes four figures from the left of the dividend to make a 
number which is greater than the divisor. Again, 36320000 is found to 
contain 1342 more than 20000, and less than 30000 times ; and 1342X 
20000 is subtracted from the dividend, after which, the remainder is 
9486599. The same operation is repeated again and again, and the 
result is found to be, that there is a quotient 20000+7000+60+9, or 
27069, and a remainder i. 

Before you proceed, you should now repeat the foregoing article at 
length in the solution of the following questions. What are 

100938 74 66779922 2718218 

3207 "4433 ' 1335a 
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the quotients of which are 3147, 583, 203; and the remainders 1445, 

65483* 7762. 

79. In the examples of the last article, observe, ist, that it is useless 
to write down the ciphers which are on the right of each subtrahend, 
provided that without them you keep each of the other figures in its 
proper place : 2d, that it is useless to put down the right-hand figures 
of the dividend so long as they fall over ciphers, because they do not 
begin to have any share in the making of the quotient until, by con- 
tinuing the process, they cease to have ciphers under them : 3d, that 
the quotient is only a number written at length, instead of the usual 
way. For example, the first quotient is 200+20+6, or 226; the second 
is 20000+7000+60+9, or 27069. Strike out, therefore, all the ciphers 
and the numbers which come above them, except those in the first 
line, and put the quotient in one line; and the two examples of the 
last article will stand thus : 



18)4068(226 


1342)36326599(27069 


36 


2684 


46 


9486 


36 


9394 


108 


9259 


108 


8052 





12079 




12078 



80. Hence the following rule is deduced : 

I. Write the divisor and dividend in one line, and place parentheses 
on each side of the dividend. 

II. Take oft' from the left hand of the dividend the least number of 
figures which make a number greater than the divisor ; find what num- 
ber of times the divisor is contained in these, and write this number as 

the first figure of the quotient. 

III. Multiply the divisor by the last-mentioned figure, and subtract 
the product from the number which was taken off at the left of the 
dividend. 
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lY. On the right of the remainder place the figure of the ciyiUend 
which comes next after those abready separated in II. : if the remainder 
thus increased be greater than the divisor, find how many times the 
divisor is contained in it ; put this number at the right of the first 
figure of the quotient, and repeat the process: if not, on the right place 
the next figure of the dividend, and the next, and so on until it is 
greater ; but remember to place a cipher in the quotient for every figure 
of the dividend which you are obliged to take, except the first. 

V. Proceed in this way until all the figures of the dividend are 
exhausted. 

In judging how often one laige number is contained in another, a 
first and rough guess may be made by striking off the same number of 
, figures from both, and using the results instead of the numbers them- 
selves. Thus, 4,732 is contained in 14,379 ohont the same number of 
times that 4 is contained in 14, or about 3 times. The reason is, that 
4 being contained in 14 as often as 4000 is in 14000, and these last only 
differing from the proposed numbers by lower denominations, m. hun- 
dreds, &c. we may expect that there will not be much difference be- 
tween the number of times which 14000 contains 4000, and that which 
14379 contains 4732: and it generally happens so. But if the second 
figure of the divisor be 5, or greater than 5, it will be more accurate to 
increase the first figure of the divisor by x, before trying the method 
just explained. Nothing but practice can give &cility in this sort of 
guess-work. 

81. This process may be made more simple when the divisor is not 
greater than 12, if you have sufficient knowledge of the multiplication 
table (50). For example, I want to divide 132976 by 4. At fiill length 
the process stands thus f 
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4)132976(33244 But you will recollect, without the necessity of 



writing it down, that 13 contains 4 three times with 

^* a remainder i ; this i you will place before 2, the 

12 

next figure of the dividend, and you know that 12 

9 contains 4 3 times exactly, and so on. It will be more 

g 

convenient to write down the quotient thus : 

17 4 )132976 

ii 33^44 

16 While on this part of the subject, we may men- 

'° tion, that the shortest way to multiply by 5 is to 

o annex a cipher and divide by 2, which is equivalent 

to taking the half of 10 times, or 5 times. To divide by 5, multiply by 
a and strike off the last figure, which leaves the quotient ; half the last 
figure is the remainder. To multiply by 25, annex two ciphers and 
divide by 4. To divide by 25, multiply by 4 and strike off the last 
two figures, which leaves the quotient; one fourth of the last two 
figures, taken as one number, is the remainder. To multiply a number 
by 9, annex a cipher, and subtract the number, which is equivalent to 
taking the number ten times, and then subtracting it once. To mul- 
tiply by 99, annex two ciphers and subtract the number, &c. 

In order that a number may be divisible by 2 without remainder, 
its units* figure must be an even number.* That it may be divisible 
by 4, its last two figures must be divisible by 4. Take the example 
1236: this is composed of 12 hundreds and 36, the first part of which, 
being hundreds, is divisible by 4, and gives 12 twenty-fives ; it depends 
then upon 36, the last two figures, whether 1236 is divisible by 4 or 
not. A number is divisible by 8 if the last three figures are divisible 
by 8 ; for every digit, except the last three, is a number of thousands, 
and 1000 is divisible by 8 ; whether therefore the whole shall be divi- 
sible by 8 or not depends on the last three figures: thus, 127946 is not 
divisible by 8, since 946 is not so. A number is divisible by 3 or 9 
only when the sum of its digits is divisible by 3 or 9. Take for example 

1234 ; this is 

* Among the even flgurei we include 0. 
b2 
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X thoiuand, or 999 and i 

2 hundred, or twicd 99 and 2 

3 tent, or three times 9 and 3 
and 4 or 4 

Kow 9, 99, 999, &a are all obviously divisible hj 9 and bj 3, and so 
will be anj number made bj the repetition of all or any of them any 
number of times. It therefore depends on 1+2+3+4, or the sum of the 
digits, whether 1234 shall be divisible by 9 or 3, or not. From the 
above we gather, that a number is divisible by 6 when it is even, and 
when the sum of its digits is divisible by 3. Lastly, a number is divi- 
sible by 5 only when the last figure is o or 5. 

82. Where the divisor is unity followed by ciphers, the rule becomes 
extremely simple, as you will see by the following examples : 

100)33429(334 1*^ 18, then, the rule : Cut off as many 

300 figures from the right hand of (he dividend 

342 as there are ciphers. These figures will be 

3^0 the remainder, and the rest of the dividend 

429 will be the quotient. 

4°° Or we may prove these results thus : from 

29 (20), 27 173 16 is 27 173 1 tens and 6; of which 

^ ^^ the first contains lo 271731 times, and the 

27 173 1 an re . . g^^Qjj^j not at all; the quotient is therefore 

271731, and the remainder 6 (72). Again (20), 33429 « 334 hundreds 
and 29 ; of which the first contains 100 334 times, and the second not 
at all ; the quotient is therefore 334, and the remainder 29. 

83. The following examples will shew how the rule may be short- 
ened when there are ciphers in the divisor. With each example is 
placed another containing the same process, all unnecessary figures 
being removed; and from the comparison of the two, the rule at the 
end of this article is derived. 



k 
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II. 



OIVISIOIl. 




'82000)6424700000(3605 


1782)6424700(3605 


5346000 


5346 


X0787000 


10787 


10692000 


10692 


9500000 


9500 


8910000 


8910 


590000 


■ 590000 


2300000)42176189300(3428 


123)421761(3428 


36900000 


369 


52761893 


5*7 


49200000 


492 


35618930 


356 


24600000 


246 


IIOI89300 


IIOI 


98400000 


984 



43 



11789300 



11789300 



The role, then, is : Strike out as many figures* from the right of the 
dividend as there are ciphers at the right of the divisor. Strike out aU 
the ciphers from the divisor, and divide in the usual way ; but at the 
end of the process place on the right of the remainder all those figures 
which were struck out of the dividend. 



34. 


EXERCISES. 




Dividend. 


Divisor. 


Quotient 


Remaindei; 


9694 


47 


206 


12 


175618 


3136 


56 


2 


23796484 


130000 


183 


6484 


14002564 


1871 


7484 





3 103 14420 


7878 


39390 





3939040647 


6889 


571787 


* 


22876792454961 


43046721 


531441 






* Including both ciphers and othen. 
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Shew that 

, 100x100x100—43x43x43 

I. — loox 1004* 100x43+43x43. 

100—43 

,, 100x100x100+43x43x43 

II. = 100x100—100x43+43x43. 

100+43 

___ 76x76+2x76x52+52x52 . 

III. - — *-z— — - — ^- = 7^51. 

^„ 12x12x12x12— I 

IV. I+12+I2XI2+I2XI2X12 SB 



12— I 

What 18 the nearest number to 1376429 which can be divided by 
36300 without remainder ? — Answer, 1379400. 

If 36 oxen can eat 216 acres of grass in one year, and if a sheep eat 
half as much as an ox, how long will it take 49 oxen and 136 sheep 
together to eat 17550 acres ? — Answer, 25 years. 

85. Take any two numbers, one of which divides the other without 
remainder; for example, 32 and 4. Multiply both these numbers by 
any other number ; for example, 6. The products will be 192 and 24. 
Now, 192 contains 24 just as often as 32 contains 4. Suppose 6 baskets, 
each containing 32 pebbles, the whole number of which will be 192. 
Take 4 from one basket, time after time, until that basket is empty. 
It is plain that if, instead of taking 4 from that basket, I take 4 firom 
each, the whole 6 will be emptied together : that is, 6 times 32 contains 
6 times 4 just as often as 32 contains 4. The same reasoning applies 
to other numbers, and therefore we do not alter the quotient if we mul- 
tiply the dividend and divisor by the same number, 

86. Again, suppose that 200 is to be divided by 50. Divide both 
the dividend and divisor by the same number ; for example, 5. Then, 
200 is 5 times 40, and 50 is 5 times 10. But by (85), 40 divided by 10 
gives the same quotient as 5 times 40 divided by 5 times 10, and there- 
fbre the quotient of two numhers is not altered by dividing both the divi- 
dend and diffisor by the same number. 

87. From (55), if a number be multiplied successively by two others, 
it is multiplied by their product. Thus, 27, first multiplied by 5, and 
the product multiplied by 3, is the same as 27 multiplied by 5 times 3, 
or 15. Also, if a number be divided by any number, and the quotient 
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be divided ly another, it is the same as if the first number had been 
divided by the product of the other two. For example, divide 60 by 4, 
which gives 15, and the quotient by 3, which gives 5. It is plain, that 
if each of the four fifteens of which 60 is composed be divided into three 
equal parts, there are twelve equal parts in all ; or, a division by 4, and 
then by 3, is equivalent to a division by 4x3, or 12. 

88. The following rules will be better understood by stating them 
in an example. If 32 be multiplied by 24 and divided by 6, the result 
is the same as if 32 had been multiplied by the quotient of 24 divided 
by 6, that is, by 4 ; for the sixth part of 24 being 4, the sixth part of 
any number repeated 24 times is that number repeated 4 times ; or, 
multiplying by 24 and dividing by 6 is equivalent to multiplying by 4. 

89. Again, if 48 be multiplied by 4, and that product be divided by 
24, it is the same thing as if 48 were divided at once by the quotient of 
24 divided by 4, that is, by 6. For, every unit which is repeated 6 
times in 48 is repeated 4 times as often, or 24 times, in 4 times 48, 
or the quotient of 48 and 6 is the same as the quotient of 48x4 and 
6x4. 

90. The results of the last five articles may be algebraically expresse I 
thus: 



(86) 



ma a 
mb b 

If n divide a and b without remainder, 

a « 

-L»f (86) -i--iL (87) 

^ b c be 



db b ao a 

--ax- (88) T =T 

e 



(88) 



It must be .recollected, however, that these have only been proved 
in the case where all the divisions are without remainder. 

91. When one number divides another without leaving any re- 
mainder, or is contained an exact number of times in it, it is said to be 
a measure of that number, or to measure it. Thus, 4 is a measure of 
136, or measures 136 ; but it does not measure 137. The reason for 
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using the word measure is this : Suppose you have a rod 4 feet long, 
with nothing marked upon it, with which you want to measure some 
length ; for example, the length of a street. If that street should 
happen to be 136 feet in length, you will be able to metuure it with 
the rod, because, since 136 contains 4 34 times, you will find that the 
street is exactly 34 times the length of the rod. But if the street should 
happen to be 137 feet long, you cannot measure it with the rod ; for 
when YOU have measured 34 of the rods, you will find a remainder, 
whdse length you cannot tell without some shorter measure. Hence 4 
is said to measure 136, but not to measure 137. A measure, then, is a 
divisor which leaves no remainder. 

92. When one number is a measure of two others, it is called a 
eoimnon measure of the two. Thus, 15 is a common measure of 180 
and 75. Two numbers may have several common measures. For 
example, 360 and 168 have the common measures 2, 3, 4, 6, 24, and 
several others. Now, this question may be asked : Of all the common 
measures of 360 and 168, which u the greatest? The answer to this 
question is derived from a rule of arithmetic, called the rule for finding 
the GREATEST COMMON MEASURE, which WO proeoed to consider. 

93. If one quantity measure two others, it measures their sum and 
difference. Thus, 7 measures 21 and 56. It therefore measures 56+21 
and 56—21, or 77 and 35. This is only another way of saying what 
was said in (74). 

94. If one number measure a second, it measures every number 
which the second measures. Thus, 5 measures 15, and 15 measures 30, 
45, 60, 75, &c. ; all which numbers are measured by 5. It is plain 
that if 

15 contains 5 3 times, 
30, or 15+15 contains 5 3+3 times, or 6 times, 
45, or 15+15+15 contains 5 3+3+3 or 9 times ; 
and so on. 

95. Every number which measures both the dividend and divisor 
measures the remainder also. To shew this, divide 360 by 112. The 
quotient is 3, and the remainder 24, that is (72) 360 is three times 112 
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and 24, or 360 ■■ 112x3+24. From this it follows, that 24 is the differ- 
ence between 360 and 3 times 112, or 24 » 360—112x3. Take any num- 
ber which measures both 360 and 1 12 ; for example, 4. Then 

4 measures 360, 

4 measures 112, and therefore (94) measures 112x3, 
or 112+112+112. 

Therefore (93) it neasures 360—112x3, which is the remainder 24. The 
same reasoning may be applied to all other measures of 360 and 112 ; 
and the result is, that every quantity which measures both the dividend 
■nd divisor also measures the remainder. Hence, every common measure 
of a dividend and divisor is also a common measure of the divisor and 
remainder. 

96. Every common measure of the divisor and remainder is also a 
common measure of the dividend and divisor. Take the same example, 
and recollect that 360 a 1 12x3+24, Take any common measure of the 
remainder 24 and the divisor 1 12 ; for example, 8. Then 

8 measures 24 ; 
and 8 measures 112, and therefore (94) measures 112x3. 

Therefore (93) 8 measures 112X3+24, or measures the dividend 360. 
Then every common measure of the remainder and divisor is also a 
common measure of the divisor and dividend, or there is no common 
measure of the remainder and divisor which is not also a common mean 
sure of the divisor and dividend. 

97. I. It is proved in {95) that the remainder and divisor have all 
the common measures which are in the dividend and divisor. 

II. It is proved in {96) that they have no others. 

It therefore follows, that the greatest of the common measures of 
the first two is the greatest of those of the second two, which shews how 
to find the greatest common measure of any two numbers,* as follows : 

98. Take the preceding example^ and let it be required to find the 
g. c. m. of 360 and 1 12, and observe that 

* For shortness, I abbreviate the words greatut common meature into their initial 
letters, g. e. m. 
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360 divided by 112 gives the remainder 24, 
X12 divided by 24 gives the remainder 16, 

24 divided by 16 gives the remainder 8, 

16 divided by 8 gives no remainder. 

Now, since 8 divides 16 without remainder, and since it also divides 
itself without remainder, 8 is the g. c. m. of 8 and 16, because it is im- 
possible to divide 8 by any number greater than 8; so that, even if 
x6 had a greater measure than 8, it could not be common to 16 and 8. 

Therefore 8 is g. c. m. of 16 and 8, 

(97) g. c. m. of 16 and 8 is g. c. m. of 24 and 16, 

g. c. m. of 24 and 16 is g. c. m. of 1 12 and 24, 

g. c. m. of 112 and 24 is g. c. m. of 360 and 112, 

Therefore 8 is g. c. m. of 360 and 112. 

The process carried on may be written down in either of the follow- 
ing ways : 

112)360(3 The rule for finding the greatest common mea- 

^^ sure of two numbers is, 

24)112(4 . I. Divide the greater of the two by the less. 

^ II. Make the remainder a divisor, and the 

16)24(1 divisor a dividend, and find another remainder. 

III. Proceed in this way until there is no 

8)16(2 remainder, and the last divisor is the greatest 

common measure required. 

^ 99. You may perhaps ask how the rule is to 

shew when the two numbers have no common 
measure. The fact is, that there are, strictly 
speaking, no such numbers, because all numbers 
Hxe measured by i ; that is, contain an exact 
number of units, and therefore i is a common 
measure of every two numbers. If they have no other common mea- 
sure, the last divisor will be i, as in the following example, where the 
greatest common measure of 87 and 25 is found. 



112 


360 


3 


96 


336 


4 


16 


24 


I 


16 


16 


2 





8 
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BXBBOISB8. 




Nmnben. 


g. 0. m 


6197 


9521 


I 


58363 


2602 


I 


5547 


147008443 


1849 


6281 


326041 


571 


28915 


3H95 


5 


1509 


300309 


3 



g 99-102. DIVIfilON. 49 

^5)87(3 

75 

12)25(2 
24 

1)12(12 
12 

o 

What are 36x36+2x36x72+72x72 
and 36x36x36+72x72x72; 
and what is their greatest common measure ? —Answer^ 11664. 

100. If two numbers be divisible by a third, and if the quotients be 
agahi divisible by a fourth, that third is not the greatest common mea- 
sure. For example, 360 and 504 are both divisible by 4. The quotients 
are 90 and 126. Now 90 and 126 are both divisible by 9, the quotients 
of which division are 10 and 14. By (87), dividing a number by 4, and 
then dividing the quotient by 9, is the same thing as dividing the num- 
ber itself by 4x9, or by 36. Then, since 36 is a common measure of 360 
and 504, and is greater than 4, 4 is not the greatest common measure. 
Again, since 10 and 14 are both divisible by 2, 36 is not the greatest 
common measure. It therefore follows, that when two numbers are 
divided by their greatest common measure, the quotients have no com- 
mon measure except i {^'d^). Otherwise, the number which was called 
the greatest common measure in the last sentence is not so in reality. 

101. To find the greatest common measure of three numbers, find 
the g. c. m. of the first and second, and of this and the third. For 
since all common divisors of the first and second are contained in their 
g. c. m., and no others, whatever is common to the first, second, and 
third, is common also to the third and the g. c. m. of the first and second, 
and no others. Similarly, to find the g. c. m. of four numbers, find the 
g. c. m. of the first, second, and third, and of that and the fourth. 

102. When a first number contains a second, or is divisible by it 
without remainder, the first is called a multiple of the second. Tho 
words multiple and measure are thus connected : Since 4 is a measure 

F 
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of 24, 24 is a multiple o£4. The number 96 is a multiple of 8, 12, 24, 
48, and several others. It is therefore called a common multiple of 8, 
12, 24, 48, &c. The product of any two numbers is evidently a common 
multiple of both. Thus, 36x8, or 2^8, is a common multiple of 36 and 
8. But there are common multiples of 36 and 8 less than 288 ; and 
because it is convenient, when a common multiple of two quantities is 
wanted, to use the least of them, I now shew how to find the least 
common multiple of two numbers. 

103. Take, for example, 36 and 8. Find their greatest common 
measure, which is 4, and observe that 36 is 9x4, and 8 is 2x4. The 
quotients of 36 and 8, when divided by their greatest common measure, 
are therefore 9 and 2. Multiply these quotients together, and multiply 
the product by the greatest common measiure, 4, which gives 9x2x4, or 
72. This is a multiple of 8, or of 4Xa by (55) ; and also of 36 or of 
4x9. It is also the least common multiple; but this cannot be proved 
to you, because the demonstration cannot be thoroughly understood 
without more practice in the use of letters to stand for numbers. But 
you may satisfy yourself that it iii the least in this case, and that the 
same process will give the least common multiple in any other case 
which you may take. It is not even necessary that you should know 
it is the least. Whenever a common multiple is to be used, any one 
will do as well as the least. It is only to avoid large numbers that the 
least is used in preference to any other. 

When the greatest common measure is 1, the least common multiple 
of the two numbers is their product. 

The rule then is : To find the least common multiple of two num- 
Iters, find their greatest common measure, and multiply one of the num- 
bers by the quotient which the other gives when divided by the greatest 
common measure. To find the least common multiple of three num- 
bers, find the least common multiple of the first two, and find the least 
common multiple of that multiple and the third, and so on. 
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BXBBCISBS. 




Numbers proposed. 




Least rjommon multiple. 


14, 21 




42 


16, 5, 24 




240 


i» »» 3. 4» S» 6, 7, 8, 9, 10 




2520 


6, 8, II, 16, 20 




2640 


876, 864 




63072 


868, 854 




52948 



51 



A convenient mode of finding the least common multiple of several 
numbers is as follows, when the common measures are easily visible: 
Pick out a number of common measures of two or more, which have 
themselves no divisors greater than unity. Write them as divisors, and 
divide every number which will divide by one or more of them. Bring 
down the quotients, and also the numbers which will not divide by any 
of them. Repeat the process with the results, and so on until the num- 
bers brought down have no two of them any common measure except 
unity. Then, for the least common multiple, multiply all the divisors 
by all the numbers last brought down. For instance, let it be required 
to find the least common multiple of all the numbers from 11 to 21. 

2,2, 3, 5» 7)11 12 13 14 15 16 17 18 19 20 21 
II I 13 I I 4 17 3 19 I I 

There are now no common measures left in the row, and the least com- 
mon multiple required is the product of 2, 2, 3, 5, 7, 11, 13, 4, 17, 3, and 
19 ; or 232792560. 



SECTION V. 

FRACTIONS. 

104. Suppose it requiied to divide 49 yards into five equal parts, or, 
HB it is called, to find the fifth part of 49 yards. If we divide 45 by 5 
the quotient is 9, and the remainder is 4 ; that is (72), 49 is made un o 
5 tunes 9 and 41 Let the line a b represent 49 yards * 
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C T — 

D K — 

E L — 

F M— 

G JN — 

IKLMN 
H t I I I I I 

Take 5 lines, c, D, E, F, and G, each 9 yards ui length, and the line h, 

y 

4 yards in length. Then, since 49 is 5 nines and 4, c, d, e, f, g, and h, 

are together equal to a b. Divide h, which is 4 yards, into five equal 

parts, I, K, L, M, and n, and place one of these parts opposite to each 

of the lines, c, d, e, f, and g. It follows that the ten lines, c, d, e, 

p, G, I, K, L, M, N, are together equal to a b, or 49 yards. Now d and k 

together are of the same length as c and i together, and so are b and l, 

K and M, and g and n. Therefore, c and i together, repeated 5 times, 

will he 49 yards ; that is, c and i together make up the fifth part of 49 

yards. 

105. c is a certain number of yards, vi2. 9 ; but i is a new sort of 

quantity, to which hitherto we have never come. It is not an exact 

number of yards, for it arises from dividing 4 yards into 5 parts, and 

taking one of those parts. It is the fifth part of 4 yards, and is called 

4 
a FRACTION of a yard. It is written thus, - (23), and Is what we must 

add to 9 yards in order to make up the fifth part of 49 yards. 

The same reasoning would apply to dividing 49 bushels of com, or 
49 acres of land, into 5 equal parts. We should find for the fifth part 
of the first, 9 bushels and the fifth part of 4 bushels ; and for the second, 
9 acres and the fifth part of 4 acres. 

We say, then, once for all, that the fifth part of 49 is 9 and -, or 

9+- ; which is usually written 9-, or if we use signs, — ■« 9^. 
5 5 5 5 

BXEBCISES. 

What is the seventeenth part of 1237 ? — Answer, 72—. 
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What are 15^ 55lil2, and ^iZZlMp 

'974 *37'o 14*4 

162 2364.0 234.3 

Answer^ 5 , 27 •" ^^ , o':n4-^iii, 

"'1974 '23710 ^-''^2424 

106. By the term fraction ia understood a port of any number, or iha 

sum of any of the equal parts into which a number is divided. Thus, 

49 4 20 

— , -, — , are fractions. The term fhiction even includes whole num- 

5 5 7 17 34 51 

bers :* for example, 17 is — , — , — , &c. 

123 

The upper number is called the numercttor^ the lower number is 
called the denominaUor^ and both of these are called terms of the fraction. 

As long as the numerator is less than the denominator, the fraction is 

6 
less than a unit : thus, — is less than a unit ; for 6 divided into 6 parts 

17 

gives I for each part, and must give less when divided into 17 parts. 
Similarly, the fraction is equal to a unit when the numerator and de- 
nominator are equal, and greater than a unit when the numerator is 

greater than the denominator. 

2 

107. By - is meant the third part of 2. This is the same as twice 

the third part of i. 

To prove this, let ▲ b be two yards, and divide each of the yards a g 
and c B into three equal parts. 

A D E 5 F i5 B 

Then, because a e, e f, and f b, are all equal to one another, a b ii 

2, 
the third part of 2. It is therefore ~. But a e is twice a d, and a d 

I 3 2 .1 

is the third part oS one yard, or - ; therefore - is twice - ; that is, in 

2 3 3 3 . . 

order to get the length ~, it makes no difference whether we divide two 

3 
yards at once into three parts, and take one of them, or whether we 

divide one yard into three parts, and take two of them. By the same 

reasoning, | may be found either by dividing 5 into 8 parts, and taking 

one of them, or by dividing i into 8 parts, and taking five of them. In 

future, of these two meanings I shall use that which is most convenient 

at the time, as it is proved that they are the same thing. This prin- 



• Numbers which contain an exact number of units, such as 5, 7, 100, &c., are 
called whole number$ ox integen, when we wish to distinguish them from fractions. 

f2 
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ciple is the same as the following : The third part of any number may 
be obtained by adding together the thirds of all the units of which it 
consists. Thus, the third part of 2, or of two units, is made by taking 
one-third out of each of the unitS) that is, 

2 I 

- = -X2. 

3 3 

This meaning appears ambiguous when the numerator is greater than 

the denominator : thus, — would mean that i is to be divided into 7 

7 
parts, and 15 of them are to be taken. We should here let as many 

units be each divided into 7 parts as will give more than 15 of those 

parts, and take 15 of them. 

108. The value of a fraction is not altered by multiplying the nume- 

rator and denominator by the same quantity. Take the fraction -, mul- 

ic 4 
tiply its numerator and denominator by 5, and it becomes -^, which is the 
^ 20 

same thing as - ; that is, one-twentieth part of 15 yards is the same 

4 
thing as one-fburth of 3 yards : or, if our second meaning of the word 

fraction be used, you get the same length by dividing a yard into 20 

parts and taking 15 of them, as you get by dividing it into 4 parts and 

taking 3 of them. To prove this. 

I I I I I * I I I I * I I I I * I I I I I 
A C D E B 

let ▲ B represent a yard ; divide it into 4 equal parts, a c, c d, d £, and 

'i 

B B, and divide each of these parts into 5 equal parts. Then a b is -. 

4 

But the second division cuts the line into 20 equal parts, of which a b 

contains 15. It is therefore — . Therefore, — and - are the same thing. 

3 *° 15 20 4 

Again, since - is made from — ^ by dividing both the numerator and 

4 20 

denominator by 5, the value of a fraction is not altered by dividing both 

its numerator and denominator by the same quantity. This principle, 

which is of so much importance in every part of arithmetic, is often 

used in common language, as when we say that 14 out of 21 is 2 out of 

3, &c. 

109. Though the two fraction -■ and -^ are the same in value, an I 

4 20 
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either of them may he used for the other without error, yet the first is 
more convenient than the second, not only because you have a clearer 
idea of the fourth of three yards than of the twentieth part of fifteen 
yards, but because the numbers in the first being smaller, are more con- 
venient for multiplication and division. It is therefore useful, when a 
fraction is given, to find out whether its numerator and denominator 
have any common divisors or common measures. In (98) was given a 
role for finding the greatest common measure of any two numbers ; and 
it was shewn that when the two numbers are divided by their greatest 
common measure, the quotients have no common measure except i. 
Find the greatest common measure of the terms of the fraction, and 
divide them by that number. The fraction is then said to be reduced to 
Ua hwest terms, and is in the state in which the best notion can be 
formed of its magnitude. 

EXERCISES. 

With each fhu^tion is written the same reduced to its lowest terms. 



2794 


22x127 




22 


2921 


23x127 




23 


2788 


17x164 


^ 


11 


4920 


30x164 




30 


93208 


764x122 




764 


13786 


113x122 




113 


888800 
40359600 


22x40400 
999x40400 


« 


22 

999 


95469 


121x789 




121 



359784 456x789 456 

110. When the terms of the fraction given are already in fiictors,* 
any one fiictor in the numerator may be divided by a number, provided 
some one &ctor in the denominator is divided by the same. This fbl- 
lows fh>m (88) and (108). In the following examples the figures altered 
by division are accented. 

* A factor of a number is a number which cUvidei ft without remaindnr: ttat, 
4, 6, 8, are futon of 24, and 6x4. 8x3. 2x2x2x3, aie several ways of decomposing 
24 hito factors. 
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I2XIIXIO 3'xuxio 


i'xiix5' 




55. 


2x 3x 4 2 X 3x i' 


I'xi' xi' 




18x15x13 2'x3'xi' 


I'xi'xi' 




I 


20X 54X 52 4' X 6'x 4' 


~ 2'X2' X4' 




i6' 


27x28 3'x4' 
9x70 ^ i'xio' 


3'X2' 

"" i'x5' 


= 


6 

5 



% 



111. As we can, by (108), multiply the numerator and denominator 
of a fraction by any number, without altering its value, we can now 
readily reduce two fhictions to two others, which shall have the same 
value as the first two, and which shall have the same denominator. 

2 A 2 

Take, for example, - and - ; multiply both terms of - by 7, and both 

437 3 

terms of - by 3. It then appears that 

2 . 2x7 14 

- 18 or — ^ 

3 3x7 *i 

4 . 4x3 '1 

- 18 -^— i or — . 

7 7x3 II 

14 12 24 

Here are then two fractions — and — , equal to - and -, and 

II *' 2 4 3 7 

having the same denominator, 21 ; in this case, - and - are said to be 

3 7 
reduced to a common denominator, 

15 7 

It is required to reduce — , 4» *ind - to a common denominator. 

10 6 9 

Multiply both terms of the first by the product of 6 and 9 ; of the se- 
cond by the product of 10 and 9 ; and of the third by the product of 
10 and 6. Then it appears (108) that 

I . 1x6x9 54 
— IS — r-^ or -=^-^ 
10 10x6x9 540 

5 . 5x10x9 450 
± 18 ^ i or -i^^ 

6 6x10x9 540 

7 . 7x10x6 420 

— 18 7 or . 

9 9x10x6 540 

On looking at these last fractions, we see that all the numerators 
and the common denominator are divisible by 6, and (108) this division 

will not alter their values. On dividing the numerators and deno- 

54 450 410 9 7? 

mmaton of -^ ^^^—^ and ^— - by 6, the resulting fractions are,—, — , 

70 S40 S¥^ 5¥> 90 90 

and — , These are fractions with a common denominator, and which 

90 
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are the same as — , ^, and - ; and therefore these are a more simple 

lo 6 9 

answer to the question than the first fractions. Observe also that 540 
is one common multiple of 10, 6, and 9, namely, 10x6x9, but that 90 is 
the least common multiple of 10, 6, and 9 (103). The following pro> 

I C J 

cess, therefore, is better. To reduce the fractions — , 7, and ~, to others 

10 6 9 

having the same value and a common denominator, begin by finding the 
least common multiple of 10, 6, and 9, by the rule in (103), which is 
90. Observe that 10, 6, and 9 are contained in 90 9, 15, and 10 times. 

Multiply both terms of the first by 9, of the second by 15, and of the 

9 75 70 

third by 10, and the fractions thus produced are ~, — , and — , the same 

90 90 90 

as before. 

If one of the numbers be a whole nimiber, it may be reduced to a 
fraction having the common denominator of the rest, by (106). 

EXERCISES. 

Fractions proposed reduced to a common denominator. 



221 

3 1 ^ 

I a J^ 12 3 
3 7 14 21 4 

3 -1 -i.-i- 
10 100 1000 

33 aSi 

379 677 



20 6 5 

30 30 30 

28 24 18 48 63 
84 84 84 84 84 

3000 400 50 6 

1000 1000 1000 1000 

22341 106499 



256583 256583 

112. By reducing two fractions to a common denominator, we are 

able to compare them; that is, to tell which is the greater and which 

1 7 

the less of the two. For example, take - and — . These fractions 

2 15 

reduced, without ^Iteration of their value, to a common denominator, 

15 14 

are — and — . Of these the first must be the greater, because (107) it 

50 30 

may be obtained by dividing i into 30 equal parts and taking 15 of them, 
but the second is made by taking 14 of those parts. 

It is evident that of two fractions which have the same denominator, 
the greater has the greater numerator ; and also that of two fractions 
which have the same numerator, the greater has the less denominator. 
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8 8 

Thus, - is greater than -, smce the first is a 7th, and the last only a 
9th part of 8. Also, any numerator may be made to belong to as small 

a fraction as we please, by sufficiently increasing the denominator. 

10 . I 10 . I 10 . I 

Thus, IS — , IS , and is (108). 

100 10 1000 100 lOOOOOO lOOOOO 

We can now also increase and diminish the first fraction by the 
second. For the first fraction is made up of 15 of the 30 equal parts 
into which i is divided. The second fraction is 14 of those parts. The 
sum. of the two, therefore, must be 15+14, or 29 of those parts ; that 

17 20 

is, -+ — is ~. The diflterence of the two must be 15—14, or i of those 

* '5 30 I 7 I 

I arts ; that is, « — , 

2 15 30 

lis. From the last two articles the following rules are obtained : 

I. To compare, to add, or to subtract fractions, first reduce them to 
a common denominator. When this has been done, that is the greatest 
of the fractions which has the greatest numerator. 

Their sum has the sum of the numerators for its numerator, and the 
common denominator for its denominator. 

Their difierence has the difference of the numerators for its nume- 
rator, and the common denominator for its denominator. 

EXERCISES. 

iti+i_i«i3 44- '53 ^ 18329 

2 3 4 5 60 3 427 1281 

834 1834 I 12 253 

IH h ^ I ^ « — — 2 1 = -^ 

10 IOC 1000 1000 7 13 91 

'+JL+ 94 _ 3 163 97 _ 93066 



2 16 188 2 521 881 459001 

114. Suppose it required to add a whole number to a fraction, fbr 

example, 6 to -. By (106) 6 is ~, and — +- is — j that is, 6+^, or as 

9 2 58 9 999 9 

it is usually written, o-^, is ^ The rule in this case is : Multiply the 

whole number by the doiominator of the fraction, and to the product 

add the numerator of the fraction ; the sum will be the numerator of 

the result, and . the denominator of the fraction will be its denominator. 
I 1-9 r 203 2 4072 

Thus, 3- « ~, 22- =» — -y 74r— « ^--^. This rule is the opposite of 
4 4 9 9 55 55 
in (106). 
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907 . 17230907 

115. From the last rule it appears that 1723-^ is , 

^^ 225 . 667225 ' ^ 99 . 2300099 .„ ^°°°° '°°^. 

667 — ^ 18 — - — -. and 23 — — — IS -= ^. Hence, when a whole 

1000 1000 I 00000 I 00000 

number is to be added to a fraction whose denominator is i followed by 
ciphers, the number of which is not less than the number of figures in 
the numerator, the rule is ; Write the whole number first, and then the 
numerator of the fraction, with as many ciphers between them as the 
number of ciphers in the denominator exceeds the number of figures in 
the numerator. This is the numerator of the result, and the denomi- 
nator of the fraction is its denominator. If the number of ciphers in 
the denominator be equal to the number of figures iu the numerator, 
write no ciphers between the whole number and the numerator. 

EXERCISES. 

23707 6 

Reduce the following mixed quantities to fractions ; i— = — —, 2457 — , 
299 , 2210 'ooooo "^^'lO 

1207 ^^ — , and 233 . 

10000000 I 0000 ^ 

116. Suppose it required to multiply- by 4. This by (48) is taking 

2 2 2 2 2 3 8 

- four times ; that is, finding -+- H — J—. This by (112) is-; so that to 
3 3 3 3 3 3 

multiply a fraction by a whole number the rule is : Multiply the nu- 
merator by the whole number, and let the denominator remain. 

117. If the denominator of the faction be divisible by the whole 
number, the rule may be stated thus : Divide the denominator of the 

fraction by the whole number, and let the numerator remain. For 

7 4* 

example, multiply —z by 6. This (116) is -7, which, since the numerator 

36 30 - 

and denominator are now divisible by 6, is (108) the same as -r. It is 

7 7 

plain that - is made from -7 in the manner stated in the rule. 
o 36 

118. Multiplication has been defined to be the taking as many of 
one number as there are units in another. Thus, to multiply 12 by 7 
is to take as many twelves as there are units in 7, or to take 12 as many 
times as you must take i in order to make 7. Thus, what is done with 
I in order to make 7, is done with 12 to make 7 times 12. For example, 

7 isi + i+i + i+i + i + i. 

7 times 12 is 12+12+12+12+12+12+12. 

When the same thing is done with two fractions, the result is still 
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called their product, and the process is still called multiplication. There 
is this difference, that whereas a whole number is made by adding i to 
itself a number of times, a fraction is made by dividing i into a number 
of equal parts, and adding one of these parts to itself a number of times. 

This being the meaning of the word multiplication, as applied to frac- 

3 7 

tions, what is - multiplied by - ? Whatever is done with i in order to 

7 ^ 3 7 . . . 

make ^ must now be done with - ; but to make -, i is divided into 8 

4 3 7 3 

parts, and 7 of them are taken. Therefore, to make -x-, - must be di- 

4 8 4 2 
vided into 8 parts, and 7 of them must be taken. Now -is, by (108), 

24 24 ... ^ 

the same thing as — . Since -^ is made by dividing i into 32 parts, and 

yi 32 

taking 24 of them, or, which is the same thing, taking 3 of them 8 times, 

24 3 

if — be divided into 8 equal parts, each of them is — ; and if 7 of these 

3* 21 3 ^* 7 *i 

parts be taken, the result is — (116) : therefore - multiplied by - is — ; 

32 4 8 32 

and the same reasoning may be applied to any other fractions. But 

21 3 7 

— is made from - and - by multiplying the two numerators together 

32 4 8 

for the numerator, and the two denominators for the denominator ; 
which furnishes a rule for the multiplication of fractions. 

-21 

119. If this product — is to be multiplied by a third fraction, for 

5 32^ 105 

example, by -, the result is, by the same rule, -r^ ; and so on. The 

general rule for multiplying any number of fractions together is therefore : 

Multiply all the numerators together for the numerator of the pro* 

duct, and all the denominators together for its denominator. 

15 8 

120. Suppose it required to multiply together — and — . The pro- 

15x8 120 . ^° . 

duct may be written thus : -^ , and is — r-, which reduced to its lowest 

^ 16x10 160 

terms (109) is -. This result might have been obtained directly, by 

4 
observing that 15 and 10 are both measured by 5, and 8 and 16 are both 

measured bv 8, and that the fraction may be written thus: — -. 

^ 2x8x2x5 

Divide both its numerator and denominator by 5x8 (108) and (87), and 

3 
the result is at once - ; therefore, before proceeding to multiply any 

4 
number of fractions together, if there be any numerator and any deno- 
minator, whether belonging to the same fraction or not, which have a 
common measure, divide them both by that common measure* and use 
the quotients instead of the dividends. 
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A whole number may be considered as a Action whose denominator 

i6 
Is I ; thus, 1 6 is — (106) ; and the same rule will apply when one or 

more of the quantities are whole numbers. 





EXERCISES 




n6 


268 36448 


18224 


7470 


919 6864930 


" 343^65 


123 

-X X 

2 3 4 


4 1 
X ■» , 

5 5 


2 17 2 
17 45 45 


2 13 241 

— K X-^« 

59 7 19 


6266 

"■ 7847* 


13 6ci 7813 

X *• 
461 II 5071 


Fraction proposed. 


Squaie. 


Cube. 


701 


49 140 I 


344472101 


158 


24964 


39443" 


140 


19600 


2744C00 


141 


19881 


2803221 


355 


126025 


44738875 


113 


12769 


1442897 



From 100 acres of ground, two-thirds of them are taken away ; 50 

acres are then added to the result, and - of the whole is taken ; what 

7 II 

number of acres does this produce ? — Answer, 59 — . 

21 

121. In dividing one whole number by another, for example, 108 
by 9, this question is asked, — Can we, by the addition of any number 
of nines, produce 108 ? and if so, how many nines will be sufficient for 

that purpose ? 

2 4 
Suppose we take two fractions, for example, - and -, and ask. Can 

4 3 5. 

we, by dividing - into some number of equal parts, and adding a num- 

5 2 

ber of these parts together, produce - ? if so, into how many parts must 

4 3 

we divide -, and how many qf them must we add together ? The 

^ 24, 

solution of this question is still called the division of - by - ; and the 

3 5.4 
fraction whose denominator is the number of parts into which - is 

divided, and whose numerator is the number of them which is taken, 

is called the quotient. The solution of this question is as follows: 

Keduce both these fractions to a common denominator (111), which 

does not alter their value (108) ; they then become — and — . The 

G 
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question now is, to divide — into a number of parts, and to produce — 

'5 12 ... '5 

hy taking a number of these parts. Since — is made by dividing i 

^5 12 
into 15 parts and taking 12 of them, if we divide — • into 12 equal 

parts, each of these parts is — ; if we take 10 of these parts, the result 

10 '5 10 2 

is — . Therefore, in order to produce — or - (108), we must divide 
12 '5 4 '5 3 . . 10 

— or - into 12 parts, and take 10 of them ; that is, the quotient is — . 

'5 5 2 4 . . '.=* 

If we call - the dividend, and - the divisor, as before, the quotient m 

3.5 
this case is derived from the followmg rule, which the same reasoning 

will shew to apply to other cases : 

The numerator of the quotient is the numerator of the dividend 

multiplied by the denominator of the divisor. The denominator of the 

quotient is the denominator of the dividend multiplied by the numerator 

of the divisor. This rule is the reverse of multiplication, as will be 

4 
seen by comparing what is required in both cases. In multiplying - 

by — , I ask, if out of- be taken 10 parts out of 12, how much of a unit 

'^ 5 Ao 2 24. 

is taken, and the answer is 7-, or -. Again, in dividing - by -, I ask 

42 ^o 3. . 10 3 5 

what part of - is -, the answer to which is — . 
5 3 I* 

122. By taking the following instance, we shall see that this rule 

can be sometimes simplified. Divide — by — . Observe that 16 it 

33 15 
4x4, and 28 is 4x7 ; 33 is 3x11, and 15 is 3x5 ; therefore the two frac- 
tions are and , and their quotient, according to the rule, is 

—. in which 4x3 is found both in the numerator and denominator. 

3x11x4x7 ^ "^ ^. 20 

The fraction is therefore (108) the same as .^-^, or — . The rule of 

' 11x7 77 

the last article, therefore, admits of this modification : If the two nume- 
rators or the two denominators have a common measure, divide by that 

common measure, and use the quotients instead of the dividends. 

2 

123. In dividing a fraction by a whole number, for example, - by 

15 .2 A 

15, consider 15 as the fraction — . The rule gives — as the quotient. 

Therefore, to divide a fraction by a whole number, multiply the deno- 
minator by that whole numbei. 



§ 123-124* FRACTIONS. 63 









FRACTIONS. 














EXERCISES. 








DlYidend. 






Divisor. 






Qnotient. 


41 

33 








63 

1 1 






41 
189 


467 








907 

lOI 






47 1*)? 
136957 


7813 

5071 








601 

XI 






13 
461 


III 
-x-x 

5 5 5 


2 
— ^> 

17 


2 2 
c — x — 

17 17 


8 

X 


8 
II 


II 





5 17 II II 

ceo 
Answer* ^^^^^, and r 

7225 

A ean reap a field in 12 days, B in 6, and C in 4 days ; in what time 
cftn they all do it together?* — Answer, 2 days. 

In what time would a cistern be filled by cocks which would sepa- 

454 
rately fill it in 12, 11, 10, and 9 hours ? — Answer, 2-^ hours. 

124. The principal results of this section may be exhibited algebrai- 

eally as follows ; let a, 6, c, &c. stand for any whole numbers. Then 



(107) 


a I 


(^««) !-^ 


(111) 


- and - are the 
d 


ad , bo 

same as 7-; and 7-; 

bd bd 


(112) 


a b a+b 
CO c 


a b a—b 




(113) 


a ad+bo 
b'^d'' bd 


a ad— bo 
b d bd 


(118) 


a c ac 
l^d~bd 


(121) ^divd.by^or^ 
a c 



ad 
bo 



* The method of solving this and the following question may be shewn thos : If 
the number of days in which each could reap the field is given, the part which each 
eould do in a day by himself can be found, and thence the part which all could do 
together; this being known, the number of days which it would take all to do tho 
whole can be found. 
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125. These results are true even when the letters themselves re- 

a 

present fractions. For example, take the fraction — , whose numeratoi 

d 
and denominator are fractional, and multiply its numerator and deno- 

ae 

minator by the fraction -, which gives > which (121) is .^ » 

which, dividing the numerator and denominator by ef (108), is •--. 

a a e oe 

But the original fraction itself is r- ; hence — = — which corre- 
» bo e c e 

1 Irj 

Bponds to the second formula* in (124). In a similar manner it may 
be shewn, that the other formulae of the same article are true when the 
letters there used either represent fractions, or are removed and fractions 
introduced in their place. All formulse established throughout this 
work are equally true when fractions aze substituted for whole numbers. 
For example (54), {m^^)a » ma-^na. Let m, », and a be respectively 

the fractions -, -, and -. Then fn-¥n is - +-, or , and (m-Hi)a is 

q 8 g 8 qs 

PftSaJ J_P:i?r)i„P!ii9ri, Butaus(112)ia^+?^, wMcI. 
q8 q80 q80 qso qw 

. pb rb . p8b pb _ yrb rb ,,^^. « xP* P ^ :m ^^ 

IS i— + — , since ^-— « — , and - — = — (108). But — « -x-, and — 

qo 80 qso qo qso so qc q c ae 

" -X-. Therefore (m+n)ai or (-+ )- « -x +-x . In a similar man- 
8 \q 8/0 q 8 

ner the same may be proved of any other formula. 
The following examples may be useful : 

a e e g 

b^l^J^h aofh+bdep 

«--i.Cy£ aedh+bqfg 



^^ 1 ab-k-j 



I I &0+1 



1 ^. c abo+a^e 

c 



• A formula is a name given to any algebraical ezpreaaion whieh ia commo n ly vaed. 
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Thul^ — i "-T' — 

The rules that have been proved to hold good for all numbers may 
be applied when the numbers are represented by letters. 



SECTION VI. 

DECIMAL FUACTIONS. 

126. We have seen (112) (121) the necessity of reducing fractions 
to a common denominator, in order to compare their magnitudes. We 
have seen also how much more readily operations are performed upon 
fractions which have the same, than upon those which have different, 
denominators. On this account it has long been customary, in all those 
parts of mathematics where fractions are often required, to use none but 
such as either have, or can be easily reduced to others having, the same 
denominators. Now, of all numbers, those which can be most easily 
managed are such as lo, loo, looo, &c., where i is followed by ciphers. 
These are called decimal numbers ; and a fraction whose denominator 
is any one of them, is called a decimal fraction, or more commonly, a 

DECIMAL. 

127. A whole number may be reduced to a decimal fhiction, or one 
decimal fraction to another, with the greatest ease. For example, 
54 i, 942, or ^-^, or^i^ (106) ; i- is -H, ori^. ori^SL (io8). 

' lO lOO lOOO ^ lO TOO lOOO lOOOO ' 

The placing of a cipher on the right hand of any number is the same 
thing as multiplying that number by lo (57), and this may be done as 
often as we please in the numerator of a fraction, provided it be done as 
often in the denominator (108). 

128. The next question is. How can we reduce a fi*action which is 
not decimal to another which is, without altering its value ? Take, 
for example, the fraction -7, multiply both the numerator and deno- 
minator successively by 10, 100, 1000, &c., which will give a series of 

7 . 70 700 700c 

fractions, each of which is equal to —z (108), viz. -7-, -7 — , -7 — ^ 

q2 
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-, &c. The denominator of each of these fractions can be divided 



160000 

without remainder by i6, the quotients of which divisions form the series 

of decimal numbers lo, loo, looo, loooo, &c. If, therefore, one of the 
numerators be divisible by i6, the fraction to which that numerator be- 
longs has a numerator and denominator both divisible by i6. When 
that division has been made, which (108) does not alter the value of 
the fraction, we shall have a fraction whose denominator is one of the 
Series lo, loo, looo, &c., and which is equal in value to -7. The ques- 
tion is then rediiced to finding the first of the numbers 70, 700, 7000, 
70C00, &C., which can be divided by 16 without remainder. 
Divide these numbers, one after the other, by 16, as follows : 



6)70(4 
64 

6 


16)700(43 
64 

60 


16)7000(437 
64 

60 


16)70000(4375 
64 

60 




48 


48 


48 




12 


120 


120 






112 


112 






8 


80 
80 



It appears, then, that 70000 is the first of the numerators which is 
divisible by 16. But it is not necessary to write down each of these 
divisions, since it is plain that the last contains all which came before. 
It will do, then, to proceed at once as if the number of ciphers were 
without end, to stop when the remainder is nothing, and then count the 

number of ciphers which have been used. In this case, since 70000 is 

70000 16x4 'I7C AVl^ 

16x4375, -^r , which is ^ ^^' ^ Qf -ZiL£_ gives the fraction required. 

160000 16x10000 lOOOO 

Therefore, to reduce a fraction to a decimal fraction, annex ciphers 
to the numerator, and divide by the denominator until there is no re- 
mainder. The quotient will be the numerator of the required fraction, 
and the denominator will be unity, followed by as many ciphers as were 
used in obtaining the quotient 
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EXERCISES. 



Reduce to decimal fractions 



1 I 2 I 3927 ^ , 453 

2 4 25 50 1250 625 

5 25 8 2 31416 , 7248 
Answer, -^, — =^, , , , and 



10 100 100 100 lOOOO lOOOO 

129. It will happen in most case« that the annexing of ciphers to 

the numerator will never make it divisible by the denominator without 

remainder. For example, try to reduce - to a decimal fraction. 

7 
7)1000000000000000000, &c. 

142857142857142857, &c. 

The quotient here is a continual repetition of the figures i, 4, 2, 

8, 5, 7, in the same order ; therefore - cannot be reduced to a decimal 

fraction. But, nevertheless, if we take as a numerator any number 

of figures from the quotient 142857 142857, &c., and as a denoihinator 

I followed by as many ciphers as were used in making that part of the 

quotient, we shall get a fraction which diflers very little from -, and 

7 
which will differ still less from it if we put more figures in the numerate ■ 



and more ciphers in 


the denominator. 










Thus, -i* . 
10 


f is lessl I 
[ than ) 7 


by -i. 
70 1 


^ which is 
[ much 


not 
as 


sol 1 


100 


I 

• • • ~" 

7 


2 
700 


I . . 


- , 


• 


1 
100 


142 


I 


6 








1 


1000 


7 


• • ■ ' • 
7000 


. . 




• 


1000 


1428 


1 

• • • ~" 

7 


4 
70000 


. . 




• 


I 


10000 


1 0000 


14285 


I 
. . • *- 

7 


5 


• • 




• 


I 


I 00000 


700000 


lOOOOO 


142857 


I 
7 


I 


• • 




] 


I 


1 000000 


7000000 


1 000000 


&c. 


&c. 


&c 








&c. 



In the first column is a series of decimal fractions, which come nearer 

and nearer to -, as the third column shews. Therefore, though we can- 

7 1 

not find a decimal fraction which is exactly -, we can find one which 

7 
differs from it as little as we please. 



• 
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This may also be illustrated thus: It is required to reduce - to a 
decimal fraction without the error of say a millionth of a unit ; multiply 
the numerator and denominator of - by a million, and then divide both 
by 7 ; we have then 

I loooooo 1428 574- 
7 "~ 7000000 "" iccoooo 

If we reject the fraction - in the numerator, what we reject is really 

7 
the 7th part of the millionth part of a unit ; or less than the millionth 

142857 

part of a unit. Therefore is the fraction required. 

1000000 



EXERCISES. 

Make similar tables with 
these fractions 

The 
quotient 



U,iL,and-L. 
3 91 143 247 

recurring) 3 . . , « 

tient of J ^ "» 329670,329670, &c 



— ... 118881,118881, &c. 
143 

— ... 404858299595141700,4048582 &c. 

247 



130. The reason for the recurrence of the figures of the quotient 
in the same order is as follows : If 1000, &c. be divided by the number 
247, the remainder at each step of the division is less than 247, being 
either o, or one of the first 246 numbers. If, then, the remainder never 
become nothing, by carr3ring the division far enough, one remainder 
will occur a second time. If possible, let the first 246 remainders be 
all different, that is, let them be i, 2, 3, &c., up to 246, variously dis- 
tributed. As the 247th remainder cannot be so great as 247, it must be 
one of these which have preceded. From the step where the remainder 
becomes the same as a former remainder, it is evident that former figure* 
of the quotient must be repeated in the same order. 

131. You will here naturally ask. What is the use of decimal frac- 
tions, if the greater number of fractions cannot be reduced at all to 
decimals? The answer is this: The addition, subtraction, multiplica- 
tion, and division of decimal fractions are much easier than those of 
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common fractions ; and though we cannot reduce all common fractions 
to decimals, yet we can find decimal fractions so near to each of them, 
that the error arising from using the decimal instead of the common 
fraction will not be perceptible. For example, if we suppose an inch 
to be divided into ten million of equal parts, one of those parts by itself 
will not be visible to the eye. Therefore, in finding a length, an error 
of a ten-millionth part of an inch is of no consequence, even where the 
finest measurement is necessary. Now, by carrying on the table in 
(129), we shall see that — does not differ from - by 



loooooco 7 ' I 0000000* 

and if these fractions represented parts of an inch, the first might be 

used for the second, since the dilFerence is not perceptible. In applying 

arithmetic to practice, nothing can be measured so accurately as to be 

represented in numbers without any error whatever, whether it be 

length, weight, or any other species of magnitude. It is therefore un« 

necessary to use any other than decimal fractions, since, by means of 

them, any quantity may be represented with as much correctness at by 

any other method. 

BXERaSES. 

Find decimal fractions which do not differ from the following fr«o- 
tions.by 



I 00000000 

3 loooooooo 

4 57142857 
7 * * * 100000000* 



"' -^««,*r,-^"'3°9'5 



355 looocoooo 

355^^^ 314159292 ^ 
113 ' ' ' loooooooo' 



132. Every decimal may be immediately reduced to a quantity con- 
sisting either of a whole number and more simple decimals, or of more 
simple decimals alone, having one figure only in each of the numerators. 

147^26 ^ . I47'I26 126 

Take, for example, ^^ . By (116) ^'^ is 147-^ — ; and since 

1000 1000 1000 

326 is made up of 300, and 20, and 6 ; by (112) -= — «= -^ — + + 

' 1000 1000 1000 

-A-. But (108) i21 i. J., and ^^ is -L. Therefore, ^^^ i. 

1000 2000 10 1000 100 1000 

326 

made up of i47H — + — + . Now, take any number, for example, 

10 100 loco ^ ' ^ ' 

147326, and form a number effractions having for their numerators this 
number, and for their denominators i, 10, ico, 1000, loooo, &c*« and 
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Teduce these fractions into numbers and more simple decimals, in the 
foregoing manner, which will give the table below. 



DECOMPOSITION OF A DECIMAL FRACTION. 



I 

147326 
10 

1473^^ 
100 

147326 
1000 

147326 

> lOOOO 

147326 

1CXX)00 

'473^6 

lOOOOOO 

147326 

10000000 



147326 



14732+ - 

2 6 

1473+ — + — 
10 100 



326 

10 100 1000 



10 100 



+ 

1000 1 0000 
3 2 



+ 



10 100 1000 lOOOO lOOOOO 

3 . 2 



10 100 1000 



+ 



loooo looooo 1000000 
7.3 a 



14, 
100 1000 looco looooo 1000000 10000000 



N.B. The student should write this table himself, and then proceed 
to make similar tables from the following exercises. 

EXERCISES. 

Reduce the following fractions into a series of numben and mor« 
simple fractions : 

31415926 3Hi59*^ ^^ 

, &c. 



10 ' 


100 


2700031 

10 ' 


2700031 
100 


2073000 

10 ' 


2073000 
100 ' 


3331303 


3331303 



1000 



lOOOO 



&c. 



133. If, in this table, and others made in the same manner, you look 
Jit those fractions which contain a whole number, you will see that they 
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may be made thus : Mark olF, from the right hand of the niimerator, 

us maxiy figures as there are ciphers in the denominator by a point, or 

any other convenient mark. 

147326 
This will give 14732*6 when the fraction is 



1473*26 



20 
147326 



• • • • _ 

100 

.... 147-326 -T^ 

I coo 

&C. &C. 

The figures on the left of the point by themselves make the whole 
number which the fraction contains. Of those on its right, the first is 
the numerator of the fraction whose denominator is 10, the second of 
that whose denominator is 100, and so on. We now come to those 

fractions which do not contain a whole number. 

147326 
134. The first of these is , in which the number oi ciphers in 

lOOOCOO 

the denominator is the same as the number oi figures in the numerator. 
If we still follow the same rule, and mark off all the figures, by placing 
the point before them all, thus, '147326, the observation in (133) still 
holds good ; for, on looking at — in the table, we find it is 

° lOOOOOO 

14732 6 , 

10 ICO 1000 lOCOO lOOOOO lOOOOCO 

_M 14.7126 

The next fraction is , which we find by the table to be 

10000000 

1473 2 6 

100 1000 I 0000 looooo 1000000 I 0000000 

In this, I is not divided by 10, but by 100 ; if, therefore, we put a 
point before the whole, the rule is not true, for the first figure on the 
left of the point has the denominator which, according to the rule, the 
second ought to have, the second that which the third ought to have, 
and so on. In order to keep the same rule for this case, we must con- 
trive to make i the second figure on the right of the point instead of 
the first. This may be done by placing a cipher between it and the 
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point, thus, '0147326. Here the rule holds good, for by that rule this 
ft^ction is 

0147 3 2 6 

— + +-21— + — i — + — - — + 



10 100 louo ijooo I 00000 lOOOOOO lOOOOOOO 

which is the same as the preceding line, since — is c, and need not be 
reckoned. 

Similarly, when there are two ciphers more in the denominator than 
there are figures in the numerator, the rule will be true if we place two 
ciphers between the point and the numerator. The rule, therefore, 
stated fully, is this : 

To reduce a decimal fhiction to a whole number and more simple 
decimals, or to more simple decimals alone if it do not contain a whole 
number, mark off by a point as many figures from the numerator as 
there are ciphers in the denominator. If the numerator have not places 
enough for this, write as many ciphers before it as it wants places, and 
put the point before these ciphers. Then, if there be any figures before 
the point, they make the tohole number which the fraction contains. 
The first figure after the point with the denominator 10, the second with 
the denominator 100, and so on, are the fractions of which the first 
fraction is composed. 

185. Decimal fhuiions arc not usually written at full length. It is 
more convenient to write the numerator only, and to cut off from the 
numerator as many figures as there are ciphers in the denominator, 
when that is possible, by a point. When there are more ciphers in the 
denominator than figures in the numerator, as many ciphers are placed 
before the numerator as will supply the deficiency, and the point is 

placed before the ciphers. Thus, 7 will be used in future to denote 

7 7 
— , "07 for ^ and so on. The following tables will give the whole of 

this notation at one view, and will shew its connexion with the decimal 

notation explained in the first section. You will observe that the 

numbers on the right of the units* place stand for units divided by 10, 

100, xooo, &c while those on the left are units multiplied by 10, xoo, 

1000, &0. 
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The student is recommended always to write the decimal point in 
a line Mrith the top of the figures or in the middle, as is done here, and 
never at the bottom. The reason is, that it is usual in the higher 
branches of mathematics to use a point placed between two numbers 



or letters which are multiplied together; thus, 15.16, a.6, a-k-b.o+d stand 
for the products of those numbers or letters. 
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I 


is 


1000 


inches 




2 


• 

IS 


200 


• • 


* 


3 


is 


30 


• • 




4 


• 

IS 


4 


■ • 


. In 1234-56789 
inches the 


5 


• 

IS 


10 


of an inch 


6 


• 

IS 


6 


• • • 








100 






7 


• 

IS 


7 
1000 


• • • 




8 


is 


8 


• • • 



\ 



9 IS 



IOOCX3 

9 

lOOOOO 



136. The ciphers on the right hand of the decimal point serve the 
•ame purpose as the ciphers in (10). They are not counted as any thing 
themselves, but serve to shew the place in which the accompanying 
numbers stand. They might be dispensed with by writing the numbers 
in ruled columns, as in the first section. They are distinguished from 
the numbers which accompany them by calling the latter siffni/icant 
,figure8. Thus, '0003747 is a decimal of seven places with four signi- 
ficant figures, '346 is a decimal of three places with three significant 
figures, &c. 

1 37. The value of a decimal is not altered by putting any number 

of ciphers on its right. Take, for example, *3 and '300. The first (135) 

b -^, and the second •=• — ^ which is made from the first by multiplying 
zo 1000 

both its numerator and denominator by 100, and (108) is the same 
quantity. 

188. To reduce two decimals to a common denominator, put as many 
ciphers on the right of that which has the smaller number of places as 

will make the number of places in both fractions the same. Take, 

54 43*97 

for example, '54 and 4*3297. The first is , and the second ^. 

r » JT T 3 yi jQQ» 10000 

Multiply the numerator and denominator of the first by 100 (108), 

C400 43*97 

which reduces it to -^ — , which has the same denominator as , 

CAQQ 1 0000 10000 

But — — is *54oo (135). In whole numbers, the decimal point should 
1 0000 
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be placed at the end : thus, 129 should be written 129'. It is, honrever, 

usual to omit the point ; but you must recollect that 129 and 129*000 

129000 

are of the same Value, since the first is 129 and the second — . 

1000 

139. The rules which were given in the last chapter for addition, 
subtraction, multiplication, and division, apply to all fractions, and 
therefore to decimal fractions among the rest. But the way of writing 
decimal fractions, which is explained in this chapter, makes the appli- 
cation of these rules more simple. We proceed to the different cases. 

Suppose it required to add 42*634, 45*2806, 2*001, and 54. By (112) 
these must be reduced to a common denominator, which is done (138) 
by writing them as follows: 42*6340, 45*2806, 2*0010, and 54*0000. 
These are decimal fractions, whose numerators are 426340, 452806, 

200I0, and 540000, and whose common denominator is loooo. By 

/HON *v • • 426340+452806+20010+540000 . 1439^56 

(112) their sum is.-^^ — ^-^ — ^^ ^^ , which is ^ 

lOOOO lOOOO 

or 143*9156. The simplest way of doing this is as follows: write the 

decimals down under one another, so that the decimal points may fall 

under one another, thus : 

42-634 

45*2806 

2*001 

54 



143*9156 

Add the different columns together as in common addition, and place 
the decimal point under the other decimal points. 

EXERCISES. 

What are i527+64*732094+2*ooi3+*ooooi974; 
2276*3+* io7+*9+26*3 172+56732*001 ; 
and i*ii+7*7+*oo39+*ooi42+*8838 ? 

Answer^ I5937334i374> 59035*6252, 9*69912. 

140. Suppose it required to subtract 91*07324 from 137*321. These 
fractions when reduced to a common denominator are 91*07324 and 

137*32100 (138). Their difference is therefore ^373^100-91073^4^ 

4624776 100000 

which is or 46*24776. This may be most simply done as fol- 

lOOOOO ^ ^ ^ 
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lows : write the less number under the greater, so that its decimal point 
may &1II under that of the greater, thus : 

i37'32i 
91*07324 

46-24776 

Subtract the lower from the upper line, and wherever there is a figure 
in one line and not in the other, proceed as if there were a cipher in the 
vacant place. 

fiXEBCISES. 

What is 12362— 274*22 i07+'s ; 

9976*2073942— '00143976728 ; 
and i*2+*03+'oo4— '0005 ? 

Aruwer, 12088*27893, 9976*20595443272; and 1*2335. 

141. The multiplication of a decimal by 10, 100, 1000, &c., is per- 
formed by merely moving the decimal point to the right. Suppose, for 

132C79 

example, 13*2079 is to be multiplied by 100. Xhe decimal is , 

132070 lOOCO 

which multiplied by 100 is (117) -^ — —^ or 1 320*79, Again, i*309x 

. >3^ /,,/,\ 130900000 _ - 

100000 IS -^-^x 100000, or (116) -=^—^ or 130900. From these 

1000 1000 

and other instances we get the following rule : To multiply a decimal 
fraction by a decimal number (126), move the decimal point as many 
places to the right as there are ciphers in the decimal number. When 
this cannot be done, annex ciphers to the ri^t of the decimal (137) until 
it can. 

142. Suppose it required to multiply 17*036 by 4*27. The first of 

17056 43^7 

these decimals is , and the second — -. By (1 18) the product of 

1000 ICO 

these fractions has for its numerator the product of 17036 and 427, and 

for its denominator the product of 1000 and 100 ; therefore this product 

7274372 
is = — , or 72*74372. This may be done more shortly by multiply- 
ing the two numbers 17036 and 427, and cutting off by the decimal 
point as many places as there are deciiiial places both in 17*036 and 
4*27, because the product of two deciiiial numbers will contain as many 
ciphers as theie are ciphers in both. 
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143. This question now arises: What if there should not be as 
many figures in the product as there are decimal places in the multiplier 
and multiplicand together? To see what must be done in this case, 

172 lOI 

multiply • 1 71 by •loi, or — ^ by , The product of these two is 

l-j-i'j'2, 1000 1000 

, or '017372 (135). Therefore, when the number of places in 

lOOOOOO /J/ \ / 

the product is not sufficient to allow the rule of the last article to be 
followed, as many ciphers must be placed at the beginning as will make 
up the deficiency. 

ADDITIONAL EXAMPLBS. 

•ooix'oi is 'ooooi 
56x'oooi is '0056. 

BXERCI8E8. 

Shew that 

3'002X3'002 ■« 3X3+2X3X*0O2+'0O2X*002 

ii'56o9X5'3i9i » 8'44x8'44— 3*i209X3'i209 

8*2I7XIO*OOI = 8xlO+8x'CX5I+10X'2I7+*OOIX*217. 

Cube. 
570135-233088 

•000005 1777 17 

2*924207 

•000000719 

'I5625X '64 ■■ *i 

i*5625x *64 ■■ I i562*5x*o64 ■■ xoo 

•oi5625x*oo64 ■■ *oooi i5625ooox*o64 ^ loooooo 

144. The division of a decimal by a decimal number, such as 10, 
100, 1000, &c., is performed by moving the decimal point as many 
places to the left as there are ciphers in the decimal number. If there 
are not places enough in the dividend to allow of this, annex ciphers 

to the beginning of it until there are. For example, divide 1734*229 

1734229 

by 1000: the decimal fraction is ^, which divided by 1000 (123) 

1000 .^ \ / 

is ^ , or i'73422o. If, in the same way, i'2io6 be divided by 

1000000 

locoo, the result is '00012106. 

145. Before proceeding to shorten the rule for the division of one 

h2 



Fraetion. 


Square. 


82*92 


68757264 


•0173 


•00029929 


1-43 


2*0449 


•009 


•000081 


I5*625x 


64 ■■ 1000 
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decimal fraction by another, it will be necessary to resume what was 

said in (128) upon the reduction of any fraction to a decimal fraction. 

7 4375 
It was there shewn that -7 is the same fraction as or '4375' 

16 ^ lOOOO 

128 
same process as in (128), thus : 



As another example, convert -^ into a decimal fraction. Follow the 



128)300000000000(234375 480 

256 384 

440 960 

384 896 

560 640 

512 640 

480 o 

Since 7 ciphers are used, it appears that 30000000 is the first of the 

3 
series 30, 300, &c., which is divisible by 128; and therefore — r, 

30000000 , *34375 ^ 

or, which is the same thing (108), -^ is equal to — or 

" ^ ' 1280000000 lOOOOOOO 

•0234375 (135). 

From these examples the rule for reducing a fraction to a decimal 
is: Annex ciphers to the numerator; divide by the denominator, and 
annex a cipher to each remainder after the figures of the numerator are 
all used, proceeding exactly as if the numerator had an unlimited num- 
ber of ciphers annexed to it, and was to be divided by the denominator. 
Continue this process until there is no remainder, and observe how many 
ciphers have been used. Place the decimal point in the quotient so as 
to cut off as many figures as you have used ciphers ; and if there be 
not figures enough for this, annex ciphers to the beginning until there 
are places enough. 

146. From what was shewn in (129), it appears that it is not every 

fraction which can be reduced to a decimal fraction. It was there 

shewn, however, that there is no fraction to which we may not find a 

decimal fraction as near as we please. Thus, — , — ^, , — — , 

,^g- 10 100 1000 10000 

, &c., or 'I, '14, *i42, '1428, '14285, were shewn to be fractions 



lOOOOO J 



which approach nearer and nearer to -. To find either of these frac- 

7 
tions, the rule is the same as that in the last article, with this exception, 
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that, I. instead of stopping when there is no remainder, which never 
happens, stop at any part of the process, and make as many decimal 
places in the quotient as are equal in number to the number of ciphers 
which have been used, annexing ciphers to the beginning when this can- 
not be done, as before. II. Instead of obtaining a fraction which is 
exactly equal to the fraction from which we set out, we get a fraction 
which is very near, to it, and may get one still nearer, by using more 

of the quotient. Thus, '1428 is very near to -, but not so near as 

7 
'142857 ; nor is this last, in its turn, so near as '142857142857, &c 

147. If there should be ciphers in the numerator of a fhustion, these 
must not be reckoned with the number of ciphers which are necessary 

in order to follow the rule for changing it into a decimal fraction. Take, 

100 
for example, ; annex ciphers to the numerator, and divide by the 

denominator. It appears that 1000 is divisible by 125, and that the 

quotient is 8. One cipher only has been annexed to the numerator, and 

therefore loo divided by 125 is '8. Had the fraction been . since 

"^ 125' 

1000 divided by 125 gives 8, and three ciphers would have been annexed 
to the numerator, the fraction would have been '008. 

148. Suppose that the given fraction has ciphers at the right of its 
denominator; for example, , The annexing a cipher to the nu- 
merator is the same thing as taking one away from the denominator ; 

310 31 310 71 

for, (108) -= — is the same thing as -^^— , and - — as —. The rule, 
2500 ° 250 250 25 

therefore, is in this case : Take away the ciphers from the denominator ; 
annex cyphers to the numerator; proceed as before; and in counting 
how many cyphers have been used, reckon not only the cyphers which 
have been annexed to the numerator, but also those which have been 
taken away from the denominator. 



EXEfiCISBS. 

Reduce the following fractions to decimal fractions : 

J 3^ ^ ^^^ .i_^ 

800* 1250' 64' 1l28' 

Answer^ '00125, '0288, 4*640625, and "0078125. 
Find decimals of 6 places very near to the following fractions : 
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27 156 22 194 26^7 I I 3 

49' 33' 37000' 13' 9907' 2908' 466' 277 

Antwerp '551020, 4727272, '000594, i4'923076, '266175, '000343, 
'002I45, ^^^ 'o 108 30. 

149. From (121) it appears, that if two fractions have the same 
denominator, the first may be divided by the second by dividing the 
numerator of the first by the numerator of the second. Suppose it 

required to divide 17' 762 by 6*25. These fractions (138), when reduced 

17762 6250 
to a common denominator, are 17762 and 6 250, or and . 

17762 ^°°° ^^° 

Their quotient is therefore — ^ which must now be reduced to a 

6250 

decimal fhuition by the last rule. The process at full length is as 

follows : Leave out the cipher in the denominator, and annex ciphers 

to the numerator, or, which will do as well, to the remainders, when it 

becomes necessary, and divide as in (145). 

625)17762(284192 Here four ciphers have been annexed to the 

^° numerator, and one has been taken from the 

5^^^ denominator. Make five decimal places in the 

5000 

quotient, which then becomes 2*84192, and this 

2620 

IS the quotient of t7'762 divided by 6'25. 

^■~~ 150. The rule for division of one decimal by 

1200 

525 another is as follows: Equalise the number of 

-_-Q decimal places in the dividend and divisor, by 

5625 annexing ciphers to that which has fewest places. 

1250 Then, further, annex as many ciphers to the 

^^^° dividend * as it is required to have decimal places, 

^ throw away the decimal point, and operate as in 

common division. Make the required number of decimal places in 

the quotient. 

Thus, to divide 67173 by '014 to three decimal places, I first write 
67173 and '0140, with four places in each. Having to provide for three 
decimal places, I should annex three ciphers to 67173; but, observing 

* Or remove ciphers from the divisor; or make up the number of ciphers partly 
by removing flrom the divisor and annexing to the dividend, if there be not a suffi- 
cient number in the divisor. 
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that the divisor '0140 has one cipher, I strike that one out and annex 
two ciphers to 67173. Throwing away the decimal points, then divide 
6717300 by 014 or 14 in the usual way, which gives the quotient 479807 
and the remainder 2. Hence 479*807 is the answer. 

The common rule is : Let the quotient contain as many decimal 
places as there are decimal places in the dividend more than in the 
divisor. But this rule becomes inoperative except when there are more 
decimals in the dividend than in the divisor, and a number of ciphers 
must be annexed to the former. The rule in the text amounts to the 
same thing, and provides for an assigned number of decimal places. But 
the student is recommended to make himself familiar with the rule of 
the characteristic given in the Appendix, and also to accustom himself 
to reason out the place of the decimal point. Thus, it should be visible, 
that 26*119+7*2436 has one figure before the decimal point, and that 
26*119+724*36 has one cipher after it, preceding all significant figures. 

Or the following rule may be used : Expunge the decimal point of 
the divisor, and move that of the dividend as many places to the right 
as there were places in the divisor, using ciphers if necessary. Then 
proceed as in common division, making one decimal place in the quotient 
for every decimal place of the final dividend which is used. Thus 17*314 
divided by 61*2 is 173*14 divided by 612, and the decimal point must 
precede the first figure of the quotient. But 17*314 divided by 6617*5 
is 173*14 by 66175 ; ^^^ since three decimal places of 173*14000 . . . 
must be used before a quotient figure can be found, that quotient figure 
is the third decimal place, or the quotient is *oo2 

EXAMPLES. 

3 I '00062 

=s 1240, — — — S3 '00096875 



'0025 '64 



EXERCISES. 



^, ,, , i5'oo6xi5*oo6 — 'oo4x'oo4 

Shew that — — — -^ a 15*002, and thai 

15-01 •' 

♦OIX'OIX'OI+2'9X2*9X29 

" s= 2 9X2*9 — 2'9X'OI+*OIX'Ol 

2'9I 
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1 I 3^5 

What are , rr-S* ^^^ —3 * as far as 6 places 

3'i4i59' 27182818 '18349 

of decimals?— -4 tMwer, -318310, '^S^Syg^ and 1989*209221. 

Calculate 10 terms of each of the following series, as far as 5 places 
of dttoimals. 

I+-+ — + + +&C. = 171824. 

a 2x3 2x3x4 2x3x4x5 

I+-+-+-+-+&C. = 2*92895. 
a 3 4 5 

80 81 82 83 84 - -- ^^ 

— +s-+^+T^+T^+&c. = 9-88286. 
8x 82 83 84 85 

151. We now enter upon methods by which unnecessary trouble is 
MTed in the computation of decimal quantities. And first, suppose a 
number of miles has been measured, and found to be 17*846217 miles. 
If you were asked how many miles there are in this distance, and a rough 
answer were required which should gixe miles only, and not parts of 
miles, you would probably say 17. But this, though the number of 
whole miles contained in the distance, is not the nearest number of miles; 
fbr« since the distance is more than 17 miles and 8 tenths, and therefore 
more than 17 miles and a half, it is nearor the truth to say, it is 18 
miles. This, though too great, is not so much too great as the other 
was too little, and the oror is not so great as half a mfle. Again, if 
the same were required, within a t^ith of a mfle, the conect answer is 
17'S; for though tbis is too little by '046217, yet it is not so much too 
little as 17*9 is too gr^at; and the oror is less than half a tenth, or 
— V Axain« the same distance, within a hundredth of a mfle. is more 
coirectlT i**$5 than 17 S4« since the last is too little by *oc6:i7, which 
is greater than the half of vi; and theiefore i:-*S44-*ci is nearer the 
tmth than i**$4. Hence this general rule : When a oenain number of 
the deeizMus givm is satScienUT accumte for the purpose, sezike off the 
ran trMB the i^t hand. <kbsefTxng» if the fina figure struck ctf'be equal 
Mk w greater thaa 5« u^ xactnMue the Ivl remaining figure by i. 

TV ^!<owi!:^ aK> examples of a dedmtal aUweTiate«2 by cne place ax 
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^'HiS% 3'Hi6, 3-142, 3-14, 3-1, 3-0 

r7t828i8. 2718282, 271828, 27183, 2718, 272, 27, 3'o 

1*9919, 1*992, 1*99, 2*oo, 2*o 

152. In multiplication and division it is useless to retain more places 
of decimals in the result than were certainly correct in the multiplier, 
&c., which gave that result. Suppose, for example, that 9*98 and 8*96 
are distances in inches which have been measured correctly to two places 
of decimals, that is, within half a hundredth of an inch each way. The 
real value of that which we call 9*98 may be any where between 9*975 
and 9*985, and that of 8*96 may be any where between 8*955 and 8*965. 
The product, therefore, of the numbers which represent the correct di»- 
tanced will lie between 9*975x8*955 and 9*985x8*965, that is, taking 
three decimal places in the products, between 89*326 and 89*516. The 
product of the actual numbers given is 89*4208. It appears, then, that 
in this case no more than the whole number 89 can be depended upon 
in the product, or, at most, the first place of decimals. The reason is, 
that the error made in measuring 8*96, though only in the third place of 
decimals, is in the multiplication increased at least 9*975, or nearly 
TO times; and therefore affects the second plaoe. The following simple 
rule will enable us to judge how far a product is to be depended upon. 

Let a be the multiplier, and b the multiplicand ; if these be true only 

a+b* 
to the iirst decimal place, the product is within of the truth ; if to 

two decimal places, within ; if to three, within ; and so on. 

200 20Q0 

Thus, in the above example, we have 9*98 and 8*96, which are true to 
two decimal places : their sum divided by 200 is *0947, and their product 
is 89*4208, which is therefore within *o947 of the truth. If, in feet, we 
increase and diminish 89*4208 by *0947, we get 89*5155 and 89*3261, 
which are very nearly the limits found within which the product muit 
Ce. We see, then, that we cannot in this case depend upon the first 
place of decimals, as (151) an error of '05 cannot exist if this place 
be correct ; and here is a possible error of *09 and upwards. It is 
hardly necessary to say, that if the numbers given be exact, their product 

* These are not quite correct, but sufficiently so for every practical purpose. 
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is exact also, and that this article applies where the numbers given are 
correct only to a certain number of decimal places. The rule is : Take 
half the sum of the multiplier and multiplicand, remove the decimal 
point as many places to the left as there are correct places of decimals 
in either the multiplier or multiplicand; the result is the quantity 
within which the product can be depended upon. In division, the rule 
is : Proceed as in the last rule, putting the dividend and divisor in 
place of the multiplier and multiplicand, and divide by the square of 
the divisor ; the quotient will be the quantity within which the division 
of the first dividend and divisor may be depended upon. Thus, if 
17*324 be divided by 53*809, both being correct to the third place, their 
half sum will be 35*566, which, by the last rule, is made '035566, and 
is to be divided by the square of 53*809, or, which will do as well for 
our purpose, the square of 50, or 2500. The result is something less 
than *oooo2, so that the quotient of 17*324 and 53*809 can be depended 
on to four places of decimals. 

153. It is required to multiply two decimal fractions together, so 
as to retain in the product only a given nimiber of decimal places, and 
dispense with the trouble of finding the rest. First, it is evident that 
we may write the figures of any multiplier in a contrary order (for 
example^ 4321 instead of 1234), provided that in the operation we move 
each line one place to the right instead of to the left, as in the following 
example : 

2221 2221 

1234 4321 

8884 222 I 

6663 4442 

4442 6663 

2221 8884 



274X>7i4 2740714 

Suppose now we wish to multiply 348*8414 by 51*30742, reserving 
only four decimal places in the product. If we reverse the multiplier, 
and proceed in the manner just pointed out, we have the following : 



^ 



2470315 
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3488414 Cut off, by a vertical line, the first four places 

of decrmals, and the columns which produced 
them. It is plain that in forming our abbre- 
viated rule, we have to consider only, I. all that x 
gog is on the left of the vertical line; II. all that is 

3656 carried from the first column on the right of 

76828 

the line. On looking at the first column to the 



17442070 
3488414 
IQ46524 
24418 

1395 
69 



2 



17898-1522 23188 left of the line, we see 4, 4, 8, 5, 9, of which the 

first 4 comes from 4x1',* the second 4 from 1x3', the 8 from 8x7', the 

5 from 8x4', and the 9 from 4x2'. If, then, we arrange the multiplicand 

and the reversed multiplier thus, 

3488414 
2470315 

each figure of the multiplier is placed under the first figure of the 
multiplicand which is used with it in forming the first four places of 
decimals. And here observe, that the units' figure in the multiplier 
51*30742, viz. I, comes under 4, the fourth decimal place in the multi- 
plicand. If there had been no carrying from the right of the vertical 
line, the rule would have been : Reverse the multiplier, and place it 
under the multiplicand, so that the figure which was the units* figure 
in the multiplier may stand under the last place of decimals in the 
multiplicand which is to be preserved ; place ciphers over those figures 
of the multiplier which have none of the multiplicand above them, if 
there be any : proceed to multiply in the usual way, but begin each 
figure of the multiplier with the figure of the multiplicand which comes 
above it, taking no account of those on the right: place the first figures 
of all the lines under one another. To correct this rule, so as to allow 
for what is carried from the right of the vertical line, observe that this 
consists of two parts, 1st, what is carried directly in the formation of 
the different lines, and 2dly, what is carried from the addition of the 
first column on the right. The first of these may be taken into account 
by beginning each figure of the multiplier with the one which comes 

* The r heie means that the 1 is in the multiplier. 

I 
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on its right in the multiplicand, and carrying the tens to the next 
figure as usual, but without writing down the units. But both may be 
allowed for at once, with sufficient correctness, on the principle of (151), 
by carrying i from 5 up to 15, 2 from 15 up to 25, &c.; that 19, by 
cf^rrying the nearest ten. Thus, for 37, 4 would be carried, 37 being 
nearer to 40 than to 30. This will not always give the last place quite 
correctly, but the error may be avoided by setting out so as to keep one 
more place of decimals in the product than is absolutely required to be 
correct. The rule, then, is as follows : 

154. To multiply two decimals together, retaining only n decimal 
places. 

I. Reverse the multiplier, strike out the decimal points, and place 
the multiplier under the multiplicand, so that what was its units* figure 
shall fall under the n^ decimal place of the multiplicand, placing ciphers, 
if necessary, so that every place of the multiplier shall have a figure or 
cipher above it. 

II. Proceed to multiply as usual, beginning each figure of the multi- 
plier with the one which is in the place to its right in the multiplicand : 
do not set down this first figure, but carry its nearest ten to the next, 
and proceed. 

III. Place the first figures of all the lines under one another ; add 
as usual ; and mark off n places from the right for decimals. 

It is required to multiply 1 36*4072 by 1*30609, retaining 7 decmal 
places. 

1364072000 
906031 

1364072000 

409221600 

S 184432 

122766 



178*1600798 
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§ 154-155. 

In the following examples the first two lines are the multiplicand 
and multiplier ; and the number of decimals to be retained will be 
seen from the results. 



'4471618 


33*166248 


3*4641016 


377I92I4 


14142136 


1732*508 


377 192 14 


033166248 


346410160 


8161744 


63124141 
3316625 


8052371 


15087686 


346410160 


1508768 


1326650 


2424871 12 


264034 


33166 


10392305 


377» 


13266 


692820 


2263 


663 


173205 


38 


33 
10 


2771 


30 


6001*58373 


1*6866591 


% 





46*90415 

Exercises may be got from article (143). 

155. With regard to division, take any two numbers, for example, 
16*80437921 and 3*142, and divide the first by the second, as far as 
any required number of decimal placet, for example, five. Thisg^ves 
the following : 

3-i42)i6*8o43792i(5*3483o 

15 710 



10943 
9426 



2609 
»5H 

95 
94 



15177 
12568 

2609 
»5'3 



94|»o 



061 
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Now cat off hj a. Tertical line, as in (153), all the figmes which 

eome on the right of the first figure 2, in the last remainder 2061. As 

in multiplication, we mar obtain all that is on the left of the Tertical 

line hy an abbreriated method, as represented at (A). After what has 

been said on multiplication, it is useless to go further into the detail ; 

the following rule will be suffident : To diride one decimal by another, 

retaining only n places : Proceed one step in the ordinary division, and 

determine, by (150), in what place is the quotient so obtained; proceed 

in the ordinary way, until the number of figures remaining to be found 

in the quotient is less than the number of figures in the dirisor : if ibis 

should be already the case, proceed no further in the ordinary way. 

Instead of annexing a figure or cipher to the remainder, cut off a figure 

from the divisor, and proceed one step with this curtailed divisor as 

usual, remembering, however, in multiplying this divisor, to carry the 

nearett ten^ as in (154), from the figure which was struck off; repeat 

this, striking off another figure of the divisor, and so on, until no 

figures are left. Since we know from the beginning in what place the 

first figure of the quotient is, and also how many decimals are required, 

we can tell ftom the beginning how many figures there will be in the 

whole quotient. If the divisor contain more figures than the quotient, 

it will be unnecessary to use them : and they may be rejected, the rest 

being corrected as in (151) : if there be ciphers at the beginning of the 

divisor, if it be, for example, '003178, since this is -^— ^ — , divide bv 

100 

'3178 in the usual way, and afterwards multiply the quotient by 100, 
or remove the decimal point two places to the right. If, therefore, six 
decimals be required, eight places must be taken in dividing by '3178, 
for an obvious reason. In finding the last figure of the quotient, the 
nearest should oe taken, as in the second of the subjomed examples. 
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Places required, 
Divisor, 


2 
•4143* 


8 

31415927 


Dividend, 


673-1489 
41432 


27 1828 180 
2-51327416 




258 828 
248 592 


20500764 
18849556 




10 237* 
8286 


165 1208 
1570796 




1951 
1657 


80412 
62832 




294 
290 


17580 

15708 




4 

4 


1872 
1571 







301 

283 

18 
19 



ViuoUent, 1624-71 '86525596 

hxamples may be obtained from (143) and (150). 



SECTION VII. 

OV THB EXTRACTION OF THE SQUARE BOOT. 

156. We have abready remarked (66), that a number multiplied by 
itself produces what is called the sqwtre of that number. Thus, 169, 
or 13x13, is the square of 13. Conversely, 13 is called the square root 
of 169, and 5 is the square root of 25 ; and any number is the square root 
of another, which when multiplied by itself will produce that other. 
The square root is signified by the sign V or V; thus, ^/25 means 
the square root of 25, or 5; V16+9 means the square root of 16+9, 
and is 5, and must not be confounded with v 16+^/9, which is 4+3, or 7. 

• This is written 7 instead of 6, because the figure which it abandoned in the divl^ 
dendis9(151). 

i2 
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157. The following equations are evident from the definition : 

VaxVa — a 
waa — a 
wah%wah = ah 
{VaxVb)%[Vax.Vb) = ^a^Va-nVh^Vb = ab 
whence VaxVb ^ '>/H 

158. It does not follow that a number has a square root because it 
has a square; thus, though 5 can be multiplied by itself, there is no 
number which multiplied by itself will produce 5. It is proved in 
algebra, that no fraction* multiplied by itself can produce a whole 
nimiber, which may be found true in any number of instances ; therefore 
5 has neither a whole nor a fractional square root; that is, it has no 
square root at all. Nevertheless, there are methods of finding fractions 
whose squares shall be as near to 5 as we please, though not exactly 

1 5 127 

equal to it. One of these methods gives , whose square, viz. 

15127 15127 228826129 ,._ ^ . '^ ^1 4 , . , . 

/ ^ y / ^ or ^, differs from 5 by only 7 , which is 

6765 6765 45765**5 45765**5 

less than 'ooooooi : hence we are enabled to use a/5 in arithmetical 

and algebraical reasoning : but when we come to the practice of any 

problem, we must substitute for ^^ one of the fractions whose square 

is nearly 5, and on the degree of accuracy we want, depends what 

fraction is to be used. For some purposes, — - may be sufficient, as its 

A 55 

square only differs from 5 by — ^— ; for others, the fraction first given 

might be necessary, or one whose square is even nearer to 5. We 

proceed to shew how to find the square root of a number, when it has 

one, and fr*om thence how to find fractions whose squares shall be as 

near as we please to the number, when it has not. We premise, what 

is sufficiently evident, that of two numbers, the greater has the greater 

square ; and that if one number lie between two others, its square lies 

between the squares of those others. 

159. Let jr be a number consisting of any number of parts, for 
example, four, vis. a, 5, 0, and d; that is, let 

7 J5 
* Meaning, of course, a really fractional number, such as - or •--, not one which, 

o 11 

though fi^ctional in foim, is whole in reality, such as -— or — 

5 S 
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* ^ a-¥b-^o+d 

The square of this number, found as in (68), will be 

a€^^¥^a{b+c^Hl) 
■^bb+2b{c+d) 
-¥ copied 

The rule there found for squaring a number consisting of parts was. 
Square each part, and multiply all that come after by twice that part, 
the sum of all the results so obtained will be the square of the whole 
number. In the expression above obtained, instead of multiplying za 
by each of the succeeding parts, 6, c, and </, and adding the results, we 
multiplied za by the sum qf all the succeeding parts, which (52) is the 
same thing ; and as the parts, however disposed, make up the number, 
we may reverse their order, putting the last first, &c. ; and the rule for 
squaring will be : Square each part, and multiply all that come before 
by twice that part. Hence a reverse rule for extracting the square root 
presents itself with more than usual simplicity. It is : To extract the 
square root of a number N, choose a number A, and see if N will bear 
the subtraction of the square Of A; if so, take the remainder, choose a 
second number B, and see if the remainder will bear the subtraction of 
the square of B, and twice B multiplied by the preceding part A : if 
it will, there is a second remainder. Choose a third number C, and see 
if the second remainder will bear the subtraction of the square of C, and 
twice C multiplied by A+B : go on in this way either until there is no 
remainder, or else until the remainder will not bear the subtraction aris- 
ing from any new part, even though that part were the least number, 
which is I. In the first case, the square root is the sum of A, B, C, 
&c ; in the second, there is no square root. 

160. For example, I wish to know if 2025 has a square root. I 
choose 20 as the first part, and find that 400, the square of 20, sub- 
tracted from 2025, gives 1625, the first remainder. I again choose 20, 
whose square, together with twice itself, multiplied by the preceding 
part, is 20X20+2X20X2O, or 1200 ; which subtracted from 1625, the 
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Brst remainder, gives 425, the second reoAainder. I choose 7 for the 
third part, which appears to be too great, since 7x7, increased by 2x7 
multiplied by the sum of the preceding parts 20+20, gives 609, which 
is more than 425. I therefore choose 5, which closes the process, since 
5x5, together with 2x5 multiplied by 20+20, gives exactly 425. The 
square root of 2025 is therefore 20+20+5, ^' 45) ^luch will be found, 
by trial, to be correct ; since 45x45 » 2025. Again, I ask if 13340 
has, or has not, a square root. Let 100 be the first part, whose square 
is joooo, and the first remainder is 3340. Let 10 be the second part. 
Here ioxio+2x 10x100 is 2100, and the second remainder, or 3340— 
2100, is 1240. Let 5 be the third part; then 5x5'|'2x5x( 100+10) is 
1125, which, subtracted from 1240, leaves 115. There is, then, no 
square root; for a single additional unit will give a subtraction of 
ixi+2xix(ioo+io+5), or 231, which is greater than 115. But if the 
number proposed had been less by 115, each of the remainders would 
have been 115 less, and the last remainder would have been nothing. 
Therefore 13340— 115, or 13225, has the square root 100+10+5, or 
115; and the answer is, that 13340 has no square root, and that 13225 
is the next number below it which has one, namely, 115. 

161. It only remains to put the rule in such a shape as will guide 
U8 to those parts which it is most convenient to choose. It is evident 
(57) that any number which terminates with ciphers, as 4000, has 
double (he number of ciphers in its square. Thus, 4000x4000 » 
16000000 ; therefore, any square number,* as 49, with an even number 
of ciphers annexed, as 490000, is a square number. The rootf of 
490000 is 700. This being premised, take any nimiber, for example, 
76176 ; setting out from the right hand towards the left, cut off two 
figures ; then two more, and so on, until one or two figures only are 
left: thus, 7,61,76. This number is greater than 7,00,00, of which the 
first figure is not a square number, the nearest square below it being 
4. Hence, 4,00,00 is the nearest square number below 7,00,00, which 

* By square nuinber I mean, a number which has a square root. Thus, 25 is a 
square ntunber, but 26 is not. 

t The term ' root' is frequently used as an abbreviation of square root. 



§ l6l. BXTRACTIOK OF THB SQUARE BOOT. 93 

has four ciphers, and its square root is 200. Let this be the first part 
chosen: its square subtracted from 76176 leaves 36176, the first re- 
mainder ; and it is evident that we have obtained the highest number 
of the highest denomination which is to be found in the square root 
of 76176 ; for 300 is too great, its square, 9,00,00, being greater than 
76176 : and any denomination higher than hundreds has a square still 
greater. It remains, then, to choose a second part, as in the examples 
of (160), with the remainder 36176. This part cannot be as great as 
100, by what has just been said ; its highest denomination is therefore 
a number of tens. Let N stand for a number of tens, which is one of 
the simple numbers i, 2, 3, &c. ; that is, let the new part be loN, 
whose square is loNxioN, or looNN, and whose double multiplied by 
the former part is 2oNx200, or 4000N ; the two together are 4000N+ 
looNN. Now, N must be so taken that this may not be greater than 
36176 : still more 4000N must not be greater than 36176. We may 
therefore try, for N, the number of times which 36176 contains 4000, or 
that which 36 contains 4. The remark in (80) applies here. Let us try 
9 tens or 90. Then, 2x90x200+90x90, or 44100, is to be subtracted, 
which is too great, since the whole remainder is 36176. We then try 
8 tens or 80, which gives 2x8ox20o+8ox8o, or ^S^oo^ which is likewise 
too great. On trying 7 tens, or 70, we find 2x70x200+70x70, or 32900, 
which subtracted from 36176 gives 3276, the second remainder. The 
rest of the square root can only be units. As before, let N be this 
number of xmits. Then, the sum of the preceding parts being 200+70, 
or 270, the number to be subtracted is 270X2N+NN, or 540N+NN. 
Hence, as before, 540X must be less than 3276, or N must not be greater 
than the number of times which 3276 contains 540, or (^80) which 327 
contains 54. We therefore try if 6 will do, which gives 2x6x270+6x6, 
or 3276, to be subtracted. This being exactly the second remainder, 
the third remainder is nothing, and the process is finished. The square 
root required is therefore 200+70+6, or 276. 

The process of forming the numbers to be subtracted may be 

hortened thus. Let A be the sum of the parts already found, and N 

a new part : there must then be subtracted 2AN+NN, or (54) 2A+N 
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multiplied by N. The rule, therefore, for forming it is : Double the 
sum of all the preceding parts, add the new part, and multiply the 
result by the new part. 

162. The process of the last article is as follows : 



7,61,76(200 
4 00 00 70 



4oo\3,6i,76 
70I3 29 00 



400 

140 

61 



32 76 
3276 



7,61,76(276 

4 
47)361 

546)3276 
3276 



In the first of these, the numbers are written at length, as we found 
them ; in the second, as in (79), unnecessary ciphers are struck off, and 
the periods 61, 76, are not brought down, until, by the continuance of 
the process, they cease to have ciphers under them. The following 
is another example, to which the reasoning of the last article may be 
applied. 



34,86,78yH»oi(5oo<^ 
25 00 00 00 00 9000 

40 



34,86,78,44,01(59049 
»5 



iooood\ 9 86 78 44 01 
900<y 9 8 1 00 00 00 



X09) 986 
981 



loooocX 
iSoool 

ioooo<A 
I 8000 I 

1 



5784401 

4 72 16 GO 

1 06 28 ox 
1 06 28 01 



II804) 57844. 

47216 



118089)1062801 
I06280I 



163. The rule is as follows: To extract the square root of a 
number; — 

I. Beginning from the light hand« cut off periods of two figures each, 
until not more than two are left. 

II. Find the root of the nearest square number next below the 
number in the first period. This root is the first figure of the required 
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root ; subtract its square from the first period, which gives the first re- 
mainder. 

III. Annex the second period to tud right of the remainder, which 
gives the first dividend. 

IV. Double the first figure of the root ; see how often this is con- 
tained in the number made by cutting one figure from the right of the 
first dividend, attending to IX., if necessary ; use the quotient as the 
second figure of the root ; annex it to the right of the double of the 
first figure, and call this the first divisor. 

y. Multiply the first divisor by the second figure of the root ; if the 
product be greater than the first dividend, use a lower number for the 
second figure of the root, and for the last figure of the divisor, until the 
multiplication just mentioned gives the product less than the first 
dividend ; subtract this from the first dividend, which gives the second 
remainder. 

VI. Annex the third period to the second remainder, which gives the 
second dividend. 

VII. Double the first two figures of the root ;* see how often the 
result is contained in the number made by cutting one figure from the 
right of the second dividend ; use the quotient as the third figure of 
the root ; annex it to the right of the double of the first two figures, 
and call this the second divisor. 

VIII. Get a new remainder, as in V., and repeat the process until 
all the periods are exhausted ; if there be then no remainder, the square 
root is found ; if there be a remainder, the proposed number has no 
square root, and the number found as its square root is the square root 
of the proposed number diminished by the remainder. 

IX. When it happens that the double of the figures of the root is 
not contained at all in all the dividend except the last figure, or when, 
being contained once, i is found to give more than the dividend, put a 
cipher in the square root and in the divisor, and bring down the next 
period; should the same thing still happen, put another cipher in the 
root and divisor, and bring down another period ; and so on. 

* Or, more simply, add the second figure of the root to the first divisor. 
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EXEBCI8B8. 



Numben proposed. 

73441 

2992900 

641424792 1 
903687890625 



Square roots. 
271 

1730 

80089 

950625 



42420747482776576 j 205962976 

13422659310152401 I 115856201 

164. Since the square of a fraction is obtained by squaring the 

numerator and the denominator, the square root of a fraction is found 

25 . 5 
b> taking the square root of both. Thus, the square root of ^ is -, 

since 5 x 5 is 25, and 8 x 8 is 64. If the numerator or denominator, or 

both, be not square numbers, it does not therefore follow that the 

fWiction has no square root; for it may happen that multiplication or 

division by the same number may convert both the numerator and 

27 
denominator into square numbers (108). Thus, — , which appears at 

4<> 
first to have no square root, has one in reality, since it is the same as 

-r, whose square root is -. 
iC 4 

165. We now proceed from (158), where it was stated that any num^ 
ber or fraction being given, a second may be found, whose square is 
as near to the first as we please. Thus, though we cannot solve the 
problem, ^ Find a fraction whose square* is 2,^* we can solve the fol- 
lowing, ^ Find a fraction whose square shall not differ fit)m 2 by so 
much as *oooooooi.** Instead of this last, a still smaller fraction may 
be sul>stituted ; in fact, any one however small : and in this process we 
are said to approximate to the square root of 2. This can be done to 

any extent, as follows: Suppose we wish to find the square root of 2 

I a 

within — of the truth ; by which I mean, to find a fraction 7 whose 

P 01* 

square is less than a, but such that the square of -+ — is greater than 

2 * 57 

%, Multiply the numerator and denominator of - by the square of 57, 

6498 ' 

or 3249, which gives — ^. On attempting to extract the square root 

of the numerator, I find (163) that th.re is a remainder 98, and that the 

square number next below 6498 is 6400, whose root is 80. Hence, 

the square of 80 is less than 6498, while that of 81 is greater. The 
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square root of the denominator is of course 57. Hence, the square of 

80 . 64.98 81 

— is less than , or 2, while that of — is greater, and these two 

57 . 3249 I 57 *^ ' 

fractions only diflfer by — ; which was required to be done. 

1 66. In practice, it is usual to find the square root true to a certain 
number of places of decimals. Thus, 1*4142 is the square root of 2 true 
to four places of decimals, since the square of 1*4142, or 1*99996164, is 
less than 2, while an increase of only i in the fourth decimal place, 
giving 1*4143, gives the square 2*00024449, which is greater than 2. 

To take a more general case : Suppose it required to find the square 

1637 
root of 1*637 true to four places of decimals. The fraction is , 

J 1000 

whose square root is to be found within 'oooi, or . Annex ciphers 

10000 

to the numerator and denominator, until the denominator becomes the 

- 1 , . , . 163700000 , „ , 

square of , which gives : extract the square root of the 

10000 lOOOOOOOO 

numerator, as in (163), which shews that the square number nearest to 

it is 163700000 — 13564, whose root is 12794. Hence, ^, or 1*2794, 

1 0000 

gives a square less than 1*637, while 1*2795 gives a square greater. In 
feet, these two squares are 1*63686436 and 1-63712025. 

167. The rule, then, for extracting the square root of a number 
or decimal to any number of places is : Annex ciphers until there are 
twice as many places following the units* place as there are to be decimal 
places in the root ; extract the nearest square root of this number, and 
mark off the given number of decimals. Or, more simply : Divide the 
number into periods, so that the units* figure shall be the last of a 
period ; proceed in the usual way ; and if, when decimals follow the 
units' place, there is one figure on the right, in a period by itself, annex 
a cipher in bringing down that period, and afterwards let each new 
period consist of two ciphers. Place the decimal point after that figure 
in forming which the period containing the units was used. 

168. For example, what is the square root of i^ to five places of 

o 

decimals? This is (145) 1*375, and the process is the first example 
over leaf. The second example is the extraction of the root of *o8 1 to 
■even places, the first period being 08, fi-om which the cipher is omitted 
as uselesis. 
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ii37.5(i*>7*6o 8,i(-2846o49 

> 4 

11) 37 48)410 

ai 384 



227)1650 564) 2600 

1589 2256 



2342) 6100 5^86) 34400 

4684 341 16 



23446)141600 569204) 2840000 

140676 2276816 



23452) 92400 569208) 56318400 

•00000241 367222 i('ooi 5 5 3 599 
I 



*5) 


141 




125 


305) 


1 1636 




15*5 



3103) 11172 

9309 



31065) 186322 

1553*5 



3x0709) 3099710 
2796381 



30332900 



169. When more than half the decimals required have been foond. 
the others may be simply found by dividing the dividend by the di- 
visor, as in (155). The extraction of the square root of 12 to ten 
places, which will be found in the next page, is an example. It must, 
however, be observed in this process, as in all others where decimals are 
obtained by approximation, that the last place cannot always be de- 
pended upon : on which account it is advisable to carry the process so 
fiir, that one or even two more decimals shall be obtained than are 
absolutely required to be correct. 
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99 



i2(3'464iox6i5i3 
9 



^4.) 300 
256 



686) 4400 
41 16 



B 

6928*0^30*6)537253550831(77545870549 
484974226x18 

52279324713 
484974226 I I 



6924) 28400 
27696 



69281) 70400 
69281 



6928201) I I 190000 
6928201 



69282026) 4261799 
41 5692 I 



692820321) 104877 
69282 



6928203225) 35595 
34641 



69282032301) 95439177500 



692 



692820323023) 261 
207 



53 



00 

56 



4400 
0321 



407900 
016125 



82032301 



571451990c 
8460969069 



3781902102 
3464101615 

317800487 
277128129 

40672358 
34641016 

6031342 
5542562 

488780 
484974 

3806 
3464 

34* 

277 

'^5 
62 



7253550831 



If from any remainder we cut off the ciphers, and all figures which 
would come under or on the right of these ciphers, by a vertical line, 
we find on the left of that line a contracted division, such as those in 
^155). Thus, after having found the root as fiu as 3*464101, we have 
the remainder 4261799, and th<» divisor 6928202. The figures on .the 
left of the line are nothing more than the contracted division of this 
remainder by the divisor, with this difference, however, that we have to 
begin by striking a figure off the divisor, instead of using the whole 
divisor once, and then striking off the first figure. By this alone we 
might have doubled our number of decimal places, and got the addi- 
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tional figures 615137, the last 7 being obtained by carrying the con- 
tracted division one step further with the remainder 53. We have, 
then, this rule : When half the number of decimal places have been 
obtained, instead of annexing two ciphers to the remainder, strike off a 
figure from what would be the divisor if the process were continued 
at length, and divide the remainder by this contracted divisor, as 
in (155). 

As an example, let us double the number of decimal places already 
obtained, which are contained in 3*46410x6x513. The remainder is 
537253550^319 the divisor 692820323026, and the process is as in (B). 
Hence the square root of 12 is, 

3-46410x6x51377545870549; 

which is true to the last figure, and a little too great; but the sub- 
stitution of 8 instead of 9 on the right hand would make it too small 





EXERCISES. 




Numbers. 




Square roots. 


•001728 




-0415692194 


64-34 




8-02122185 


8074 




89*8554394 


10 




3-16227766 


1-57 


1-2529964086141667788495 



SECTION VIII. 

ON THE PROPORTION OF NUMBEBS. 

170. When two numbers are named in any problem^ it is usually 
necessary, in some way or other, to compare the two ; that is, by con- 
sidering the two together, to establish some connexion between them, 
which may be useful in Aiture operations. The first method which 
suggests itself, and the most simple, is to observe which Is the greater, 
and by how much it differs from the other. The connexion thus esta- 
blished between two numbers may also hold good of two other numbers ; 
for example, 8 differs from 19 by 11, and 100 differs from iii by the 
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same number. In this point of view, 8 stands to 19 in the same 

situation in which 100 stands to iii, the first of both couples differing 

in the same degree from the second. The four numbers thus noticed, 

viz. : 

8, 19, 100, III, 

are said to be in arithmeHoal* proportion. When four numbers are 
thus placed, the first and last are called the esptremes^ and the second 
and third the means. It is obvious that 11 1+8 » 100+19, that is, the 
sum of the extremes is equal to the sum of the means. And this is not 
accidental, arising from the particular numbers we have taken, but 
must be the case in every arithmetical proportion; for in 111+8, by 
(35), any diminution of iii will not affect the sum, provided a cor- 
responding increase be given to 8 ; and, by the definition just given, 
one mean is as much less than 1 1 1 as the other is greater than 8. 

171. A set or series of numbers is said to be in continued arith- 
metical proportion, or in arithmetical progression^ when the difference 
between every two succeeding terms of the series is the same. This 
is the case in the following series : 

5, &c. 

15, &c. 

3-, &c. 

2 

The difference between two succeeding terms is called the common 

difference. In the three series just given, the common differences 

are, i, 3, and -. 
2 

172. If a certain number of terms of any arithmetical series be 
taken, the sum of the first and last terms is the same as that of any 
other two terms, provided one is as distant from the beginning of the 
series as the other is from the end. For example, let there be 7 terms, 
and let them be, 

a b d e f g, 

* This is a very incorrect name, since thetezm ' arithmetical' applies equally to 
every notion in this book. It is necessary, nowever. that the pupil should use words 
in the sense in which they will be used in his succeeding studies. 

U4 



!• 


2, 


3, 


49 


3« 


6, 


9. 


12, 


I 


2, 


I 


^^ 
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Then, since, by the nature of the series, 6 is as much above a as /is 

below p (170), a-¥g » 6-f/. Again, since c is as much above 6 as « is 

below/ (170), 6+/" <?+*• But o+p = i+/» therefore o+^= c+c, and 

so on. Again, twice the middle term, or the term equally distant from 

the beginning and the end (which exists only when the number of terms 

is odd), is equal to the sum of the first and last terms ; for since o is 

as much below </ as ^ is above it, we have o-\-e — d+d = zd. But c+e =» 

a+g ; therefore, a-¥ff = id. This will give a short rule for finding the 

sum of any number of terms of an arithmetical series. Let there be 

7, viz. those just given. Since a&g, b+ft and c+e, are the same, their 

sum is three times (a+g\ which with J, the middle term, or half a+^, 

is three times and a half a-i-g, or the sum of the first and last terms 

multiplied by 3-, or -, or half the number of terms. If there had been 
2 2 

an even number of terms, for example, six, viz. a, 6, c, d, 0, and/, we 

know now that a+/, 6+0, and o+d, are the same, whence the sum is three 

times a+/, or the sum of the first and last terms multiplied by half tne 

number of terms, as before. The rule, then, is : To sum any number of 

terms of an arithmetical progression, multiply the sum of the first and 

last terms by half the number of terms. For example, what are 99 

terms of the series x, 2, 3, &c. ? The 99th term is 99, and the sum 

is (99+1)— f or ^, or 4950. The sum of 50 terms of the series 

2 2 

' * 4 5 o . /» 5o\ 50 

T» !• *' I' I» *» ^^' " ( ":"*"T ) T» ^' '7xa5» or 425. 
33 33 \3 3/» 

173. The first term being given, and also the common difference 

and number of terms, the last term may be found by adding to the first 

term the common difference multiplied by one less than the number of 

terms. For it is evident that the second term differs from the first by 

the common difference, the third term by /trice, the fourth term by three 

times the common difference; and so on. Or, the passage from the 

first to the Mth term is made bv ti— i steps, at each of which the common 

diftbience is added. 
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• 


Given. | 


Tojind. 




Series. 




No. of terms. 


Last term. 


Sum. 


4. 


6-, 9, 


&c. 


33 


84 


1452 


1, 


3» 5> 


&c. 


28 


55 


784 


2, 


20, 38, 


&c. 


100,000 


1799984 


89999300000 



174. The sum being given, the number of terms, and the first term, 
we can thence find the common difference. Suppose, for example, the 
first term of a series to be one, the number of terms 100, and the sum 

10,000. Since 10,000 was made by multiplying the sum of the first and 

100 
last terms by , if we divide by this, we shall recover the sum of the 

* 10,000 100 
first and last terms. Now, divided by is (122) 200, and the 

first term being i, the last term is 199. We have then to pass from 

I to 199, or through 198, by 99 equal steps. Each step is, therefore, 

-^, or 2, which is the common difference ; or the series is i, 3« 5, &c., 

99 

up to 199. 





Given. 




To 

• 


find. 


Sum. 


No. of terms. 


First term. 


Last term. 


Common diff. 


1809025 


1345 


I 


2689 


2 


44 


10 


3 


29 

5 


45 


7075600 


1330 


4 


10636 


8 



175. We now return to (170), in which we compared two numbers 
together by their difference. This, however, is not the method ol 
comparison which we employ in common life, as any single familiar 
instance will shew. For example, we say of A, who has 10 thousand 
pounds, that he is much richer than B, who has only 3 thousand ; but 
we do not say that C, who has 107 thousand pounds, is much richer 
than D, who has 100 thousand, though the difference of fortune is the 
same in both cases, viz. 7 thousand pounds. In comparing numbers 
we take into our reckoning not only the differences, but the numbers 
themselves. Thus, if B and D both received 7 thousand pounds, B 
would receive 233 pounds and a third for every 100 pounds which he 
had before, while D for every 100 pounds would receive only 7 pounda 
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And though, in the view taken in (170), 3 is as near to 10 as 100 is to 
107, yet, in the light in which we now regard them, 3 is not so near to 
10 as 100 is to 107, for 3 differs firom 10 by more than twice itself, 
while 100 does not differ from 107 by so much as one-fifth of itself. 
This is expressed in mathematical language by saying, that the ratio or 
proportion of 10 to 3 is greater than the ratio or proportion of 107 to 
100. We proceed to define these terms more accurately. 

176. When we use the term part of a number or fraction in the 

remainder of this section, we mean, one of the various sets of equal 

parts into which it may be divided, either the half, the third, the fourth, 

&c. : the term multiple has been already explained (102). By the term 

multiple-part of a number we mean, the abbreviation of the words 

multiple of a part. Thus, i, 2, 3, 4, and 6, are parts of 12 ; - is also a 

part of 12, being contained in it 24 times ; 12, 24, 36, &c., are multiples 

of 12 ; and 8, 9, -, &c. are multiple parts of 12, being multiples of 

2 

some of its parts. And when multiple-parts generally are spoken of, 
the parts themselves are supposed to be included, on the same principle 
that 12 is counted among the multiples of 12, the multiplier being i. 
The multiples themselves are also included in this term ; for 24 is also 
48 halves, and is therefore among the multiple parts of 12. Each part 
is also in various ways a multiple-part; for one-fourth is two-eighths, 
and three-twelfths, &c. 

177. Every number or fraction is a multiple-part of every other 
number or fraction. If, for example, we ask what part 12 is of 7, we 
■ee that on dividing 7 into 7 parts, and repeating one of these parts 12 
times, we obtain 12 ; or, on dividing 7 into 14 parts, each of which 
is one-half, and repeating one of these parts 24 times, we obtain 24 

halves, or 12. Hence, 12 is — , or — , or — of 7 ; and so on. Generally, 

7 14 « ai 
when a and b are two whole numbers, 7 expresses the multiple -part 

which a is of 6, and - that which 6 is of a. Again, suppose it required 

a I I Tc 16 

to determine what multiple-part 2- is of 3-, or — of — . These 

7 5 7 5 
7 c 1 12 
fractions, reduced to a common denominator, are — and , of which 

1 35 35 

the second, divided into 112 parts, gives — , which repeated 75 times 
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75 
gives — , the first. Hence, the multiple-part which the first is of the 

35 yc 

second is — ^, which being obtained by the rule given in (121), shews 

a "^ . .... 

that -, or a divided by 6, according to the notion of division there given, 

expresses the multiple-part which a is of 6 in every case. 

178. When the first of four numbers is the same multiple-part of 

the second which the third is of the fourth, the four are said to be 

ffeometrically* proporH<mal, or simply proportionai. This is a word 

in common use ; and it remains to shew that our mathematical definir 

tion of it, just given, is, in &ct, the common notion attached to it For 

example, suppose a picture is copied on a smaller scale, so that a line 

of two inches long in the original is represented by a line of one inch 

and a half in the copy ; we say that the copy is not correct unless all 

the parts of the original are reduced in the same proportion, namely, 

that of 2 to I- Since, on dividing two inches into 4 parts, and taking 

3 of them, we get i-, the same must be done with all the lines in the 

2 

original, that is, the length of any line in the copy must be three parts 
out of four of its length in the originaL Again, interest being at 5 per 
cent, that is, £5 being given for the use of £100, a similar proportion 
of every other sum would be given ; the interest of £70, for example, 

would be just such a part of £70 as £5 is of £100. 

a 

Since, then, the part which a is of 6 is expressed by the fraction -, 

or any other fraction which is equivalent to it, and that which is of J 

by 3, it follows, that when a, 6, 0, and d, are proportional, 7 — j» This 
a a 

equation will be the foundation of all our reasoning on proportional 
quantities; and in considering proportionals, it is necessary to observe 
not only the quantities themselves, but also the order in which they 
come. Thus, a, 6, c, and d, being proportionals, that is, a being the 
same multiple-part of b which c is of </, it does not follow that a, d^ 6, 
and c are proportionals, that is, that a is the same multiple-part ofd 



* The same remark may be made here as was made in the note on the term 
arithmetical proportion,' page 101. The word 'geometrical' is, generally speaking, 
dropped, except when we wish to distinguish between this kind of proportion and 
that which has teen called arithmetical. 
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which b is of 0. It is plain that a is greater than, equal to, or less than 
6, according as c is greater than, equal to, or less than d, 

179. Four numhers, a, 6, c, and d, being proportional in the order 
written, a and d are called the extremes^ and b and the means^ of the 
proportion. For convenience, we will call the two extremes, or the 
two means, stmUa/r terms, and an extreme and a mean, dissimilar tenns. 
Thus, a and d are similar, and so are b and 0; while a and 6, a and </, 
d and b, d and c, are dissimilar. It is customary to express the pro- 
portion by placing dots between the numbers, thus : 

a: b:: eld 

180. Equal numbers will still remain equal when they have been 

increased, diminished, multiplied, or divided, by equal quantities. This 

amounts to saying that if a «= 6 and p = q^ a+p «= b+q, or-p = b—q^ ap » 

bq^ and - = -. It is also evident, that a+p— p, a—p+p^ — , and -xp, are 

P q P P 

all equal to a. 

181. The product of the extremes is equal to the product of the 
means. Let 7 = ;;« and multiply these equal numbers by the product 

bd. Then,7xM = ^(116) = flrf,and^xM=^ = o6: hence (180), 

* * " . 6 3 3x7 

ad =» bo. Thus, 6, 8, 21, and 28, are proportional, since - =* - « — 

21 84 A-^7 

»-r (180) ; and it appears that 6x28 s 8x21, since both products are 

2o 

168. 

182. If the product of two numbers be equal to the product of two 
others, these numbers are proportional in any order whatever, provided 
the numbers in the same product are so placed as to be similar terms ; 
that is, if ab *« py, we have the following proportions : — 



a : p :: q : b p : a :: b 

a : q :: p : b p : b :: a 

b : p :: q : a q : a :: b 

b : q :: p : a q : b :: a 



9 
9 
P 
P 



To prove any one of these, divide both ab and pq by the product of its 

second and fourth terms ; for example, to shew the truth ofalq lip I b, 

divide both ab and pq by bq. Then, — = "» and ^ = 7 ; hence (180), 

bq q bq b 
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- = jyOT a '. q i: p I b. The pupil should not fail to prove every one 
of the eight cases, and to verify them by some simple examples, such 

as 1x6 = 2x3, which gives i : 2 : : 3 : 6, 3 : i : : 6 : 2, &c 

183. Hence, if four numbers be proportional, they are also propor- 
tional in any other order, provided it be such that similar terms still 

o c ' 

remain similar. For since, when 7= -, it follows (181) that ad = be, 

b d 

all the proportions which follow from ad « be, by the last article, follow 

a c 
also from 7 = -}. 

* '* a b+a a 

184. From (114) it follows that 1+7= -^— , and if 7 be less than 1, 

b b b 

a b—a a a Or—b 

1—7 = -T—, while if 7 be greater than i, 7— i = -r— • -Also (J 22), if 
00b bo 

-T— be divided by — — the result is — r. Hence, a, 6, c, and </, being 

proportionals, we may obtain other proportions, thus : 



Let 




a 


e 
"5 




Then 


(114) 


a 


c 






or 


a+b 
1 

b 


c+d 
d 






or 


a+b : 


b\: c+d: 


d 



That is, the sum of the first and second is to the second as the sum 
of the third and fourth is to the fourth. For brevity, we shall not state 
in words any more of these proportions, since the pupil will easily supply 
what is wanting. 

Resuming the proportion a ', b ',\ e I d 

a c 

or 7 «- 

b d 

I— 7 = I—-, if 7 be less than i, 
b do 

b—a d—e 

that is, h-a : 6 : : d-^ : d 
or. a—b : 6 : : e—d : d, if 7 be greater than x. 
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A»»Q« • ^"•"^ c-^ .a—b 0—d /a , . , , . 

Aga.n, since — - = — — and — — = — — 1 - being greater than i) 
o a a \b 

dividing the first by the second we have — ; = — ;, 

Or-b c—d 

or a+6 : or-b : : c+d : c— rf 

and also a+6 : fr-a : : o+rf : rf-o, if | be less than i. 

185. Many other proportions might be obtained in the same manner. 
"We will, however, content ourselves with writing down a few which can 
be obtained by combining the preceding articles. 

«+& la :: c+rf : o 
a : cb—h : : c : c—d 
a+c : a~o :; l-ni : b-d, 

in these and all others it must be observed, that when such expressions 
as Or-b and c—4 occur, it is supposed that a is greater than 6, and 
greater than d. 

186. If four numbers be proportional, and any two dissimilar terms 
be both multiplied, or both divided by the same quantity, the results are 
proportional. Thus, if a : 6 : : c : cf, and m and n be any two num- 
bers, we have also the following : 



na \ b :: mc : d 


ma : nb 11 mo I nd 


a : mb :: o : md 


a b d 
mm mm 




- : mb :: - : md 

n n 


a b d 

• • • • 

• • • • 

m m n n 



and various others. To prove any one of these, recollect that nothing 
more is necessary to make four numbers proportional except that the 

product of the extremes should be equal to that of the means. Take 

a 

the third of those just given ; the product of its extremes is -xmrf, or 

mad ,.,,,,«„ . . e mbo ^ ^ . ,** 

, while tliat of the means is mbx -, or . But since a I b II c I d^ 

by (181) arf = 6<?, whence, by (180), mad = mbo, and = . Hence, 

a c n n 

- « mb, - , and md, are proportionals. 
ti n 

187. If the terms of one proportion be multiplied by the terms of a 
•econd, the products are proportional ; that is, if a : 6 : : c : d!, and 
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p : g i: r : 8, it follows that ap I bq i: cr I ds. For, since ad» 
be, and ps «> qr, by (180) adpt » bogr, or apxdt » bq^cr, whence (182) 
ap : bq :: cr : <ls. 

188. If four numbers be proportional, any similar powers of these 
nunbers are also proportional ; that is, if 

a I b II c I d 

Then aa : bb :: cc I dd 

aaa ', bbb ',', ceo \ ddd 

&c. &c. 

For, if we write the proportion twice, thus. 





a \ b :: c : d 




a : b :: c : d 


by (187) 


aa '. bb :: cc ', dd 


But 


a : b :: c : d 


Whence (187) 


aaa : bbb :: ceo I ddd; and so on. 



189. An expression is said to be homogeneous with respect to any 
two or more letters, for instance, a, 5, and c, when every term of it 
contains the same number of letters, counting a, 6, and only. Thus, 
maab'¥nabc-\rrcco is homogeneous with respect to a, 6, and ; and of the 
third degree, since in each term there is either a, 6, and 0, or one of 
these repeated alone, or with another, so as to make three in all. Thus, 
SaaeUtOy iiabooCj maaaaa, naabboy are all homogeneous, and of the fifth 
degree, with respect to a, 6, and c only ; and any expression made by 
adding or subtracting these from one another, will be homogeneous and 
of the fifth degree. Again ma+mnb is homogeneous with respect to a 
and 6, and of the first degree ; but it is not homogeneous with respect 
to m and n, though it is so with respect to a and n. This being pre- 
mised, we proceed to a theorem,* which will contain all the results of 
084), (186), and (188). 

190. If any four numbers be proportional, and if from the first two, 

* A theorem is a general mathematical fact : thus, that every number is divisible 
by four when its last two figures are divisible by four, is a theorem; that in every 
proportion the product of the extremes is equal to the product of the means, is another, 

L 



^ 
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a and 6, any two homogeneous expressions of the same degree be formed ; 
and if from the last two, two other expressions be formed, in precisely 
the same manner, the four results will be proportional. For example, if 
a : b :: I d, and if 2000+3006 and bbb^abb be chosen, which are both 
homogeneous with respect to o and b, and both of the third degree ; and 
if the corresponding expressions zcco+^ccd and ddd+cdd be formed, which 
are made from and d precisely in tlie same manner as the two former 
ones from o and 6, then will 

2000+3006 : bbb+abb :: 2ccc+34k^ : ddd+cdd 

* . o a a c 

To prove this, let 7 be called a. Then, since 7 — *i 8ii^ T — "> ^* 
g b b b d 

follows that - = X, But since o divided by b gives jr, it multiplied 
d 

by b will give o, or o «= ba. For a similar reason, c ^ d». Put bx 
and dx instead of^o and in the four expressions just given, recollecting 
that when quantities are multiplied together, the result is the same 
in whatever order the multiplications are made ; that, for example, 
bxbxbx is the same as bbbxxx. 

Hence, 2000+3006 » zbxbxbx^^bxbxb . 

8 7j>bbxxx-\r'ibbbxx 
which is Ibb multiplied by txxx+^xx 

or bbb (ixxx+zxx)* 

Similarly, 2eco+2ccd « ddd (jixxx+^^x) 

Also. bbb+ abb « bbb+bxbb 

B bbb multiplied by i+x 
or bbb (i+x) 
Similarly, ddd+cdd » ddd {j+x) 

Now, bbb : bbb :: ddd: ddd 

Whence (186), bbb{2xxx+zxx) I bbb(i+x) i: ddd{zxxx+z»») : ddd 
( i+x)i which, when instead of these expressions their equals just found 
are substituted, becomes %aaa+2aab I bbb+ttbb 11 zccc+^ccd I ddd+cdd. 

* If bx be substituted for o in any expression wbicb is homogeneous with re- 
spect to a and 6, the pupil may easfly see that b must occur in every term as often as 
there are units in the degree of the expression: thus, aa-\-ab becomes bKbx+-bxb 
T bb{xx-\-x)i aaa+bbb becomes bxbxbs-\-bbb or bbbixxx-^l); and so on. 
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The same reaflonmg may be applied to any other case, and the pupU 
may in this way prove the following theorems : 

If a : b :: c : d 

za^Zb : b ',: 2c+3d : d 

aa+bb : aa^bb 11 cc+dd : cc—dd 

mab : 2CM+bb : I mod I icc+dd 

191. If the two means of a proportion be the same, tnat is, if 
a : b II b I c, the three numbers, a, b, and c, are said to be in 
continued proportion, or in geometrical progression. The same terms 
are applied to a series of numbers, of wliich any three that follow one 
another are in continued proportion, such as 

I 2 4 8 16 32 64 &c 
2222 22 

3 9 27 8i 243 729 

Which are in continued proportion, since 

I,2..2.4 2,^,»^,— 

3 3 9 

2222 
2.4**4**' •••• ~~- 

3 9 9 27 
&c &c 

192. Let a, 5, e, dy &c. be in continued proportion ; we have then 

a b 
a : b :: b : e or T — - or ae >» bb 

b o 

b 
b ', o II o I d ... - = -r ... bd^ CO 

d 

d 
c : d :: d : e ... -;—- ... ec^ dd 

d e 

Each term is formed from the preceding, by multiplying it by the same 

«,. , ^ /i««\ *^ n 1 . ^ b b 

number. Thus, b =■ -xa (180); c « rxi; and smce •- — -,-«- 

b ^ d d ° . b ^ c a b 

or c =s -x6. Again, d =» -xc, but - — 7, which is « -; therefore. 
La c f^ c o a 

d B -xo, and so on. If, then, - (which is called the common ratio of 
a a 

the series) be denoted by r, we have 

b ^ ar ■« 6r » arr d ^ cr ^ arrr 

and so on ; whence the series 
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m 




b . 


d 


&c. 


18 a 




ar arr 


arrr 


&C. 


Hence 




a : :: a 


: arr 




(186) 




:: aa 
:: aa 


: aarr 

: bb 




because, b being ar^ 


bb 


18 arar or aarr, 
aid:: a 


Again, 
: arrr 




(186) 




:: aaa 
i: aaa 


: aaarrr 

: bbb 




Also 




a I e :: aaaa 


: bbbb. 





and 80 on I 

that is, the first bears to the n*^ term firom the first the same proportion 
as the n^ power of the first to the n^ power of the second. 

193. A short rule may be found for adding together any number of 
terms of a continued proportion. Let it be first required to add together 
the terms i, r, rr, &c where r is greater than unity. It is evident that 
we do not alter any expression by adding or subtracting any numbens 
provided we afterwards subtract or add the same. For example, 

p » p— ^+5"— r+r— «+» 

Let us take four terms of the series, i, r, rr^ &c. or, 

i+r+rr+rrr 
It is plain that 

rrrr—i — rrrr — rrr -l rrr— rr I rr— r -¥r^i 

Now (54), rr—r ■- r(r— i), rrr—rr «= rr(r— i), rrri^- r r r « rrr (r— 1), 

and the above equation becomes rrrr—i « rrr (r— i) + rr (r— i) + r (r— 1) 

+r— i; which is (64) rrr-Hrr+r+i taken r— i times. Hence, rrrr^i 

divided by r— i will give i-i-r+rr+rrr^ the sum of the terms required. 

In this way may be proved the following series of equations : 

rr— I 

I+r » 

r— I 

rrr— 1 



irr+rr-Hrr 
i-Hr-Hrr+rrr+rrrr 



r—i 
rrrr^i 

r-i 
rrrrr—i 
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If r be less than unity, in order to find j-ir+rr+rrri obserye that 
i—rrrr = j—r+r—rr+rr-~rrr+rrr—rrrr 



I— r4r(i— r)+rr(i— r)+rrr(i— r) ; 



whence, by smilar reasoning, i+r-Hr+rrr is found by dividing i—rrrr 
by I— r ; and equations similar to these just given may be found, 
which are. 



i+r — 

I— r 



I— r 



i+r+rr+rrr+rrrr « 

The rule is : To find the sum of n terms of the series, i-H'-Ht+&c, 
divide the difference between i and the (iM-i)*^ term by the difference 
between i and r. 

194. This may be applied to finding the sum of any nimiber of 
terms of a continued proportion. Let a, 5, c, &c be the terms of which 
it is required to sum four, that is, to find a+b+c+d, or (192) a+ar 

+arr+arrr9 or (64) a{i+r+rr+rrr)f which (193) is xa, or 

xa, according as r is greater or less than unity. The first fraction is 
, or (192) . Similarly, the second is — . The rule, 

f— I t^— I I— T 

therefore, is : To sum n terms of a continued proportion, divide the 
difference of the n+i^ and first terms by the difference between unity 
and the common measure. For example, the sum of 10 terms of the 
series 1+3+9+27+&C. is required. The eleventh term is 59049, an^ 
^^ ^^"" is 29524. Again, the sum of 18 terms of the series z+i-^ 



- +-+&C of which the nineteenth term is 
2 4 


I 


131072 


I 3 1072' " 


I 
1 — 


I 3 1070 
1 3 1072* 




a 






EXAHrLES. 






9 termsof i+4-f 16+&C. are 


87381 




l2 
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6 12 ^ 847422675 

10 tcnii8of3+-+ — +«c. are -— t^ttt 
•* 7 49 201708035 

I I I ^ 1048575 

*° I+4-*' g-*"*^ ••• IS^Si^ 

195. The poiren of a number or fraction greater than unity increase ; 

for once 2- is sreater than i, 2-x 2- is 2- taken more than once, that 

* I 222 

is, is greater than 2-, and so on. This mcrease goes on without limit; 

2 I 

that is, there is no quantity so great but that some power of 2- is greater. 

To prove this, observe that every power of 2- is made by multiplying the 

1 I * . 

preceding power by 2-, or by 1+1-, that is, by adding to the former 

2 2 

power that power itself and its half! There will, therefore, be more 

added to the loth power to form the nth, than was added to the 9th 

power to form the loth. But it is evident that if any given quantity, 

however small, be continually added to 2-, the result will come in time 

2 

to exseed any other quantity that was also given, however great ; much 

more, then, will it do so if the quantity added to 2- be increased at 

* I 
each step, which is the case when the successive powers of 2- are formed. 

It is evident, also, that the powers of i never increase, being always i ; 

thus, ixi « I, &o. Also, if a be greater than m times 6, the square of a 

is greater than mm times the square of b. Thus, if a 1* 26+c, where 

a Is greater than 26, the square of a, or oa, which is (68) 4^6+4^+00 

is greater than 466, and so on. 

196. The powers of a fraction less than unity continually decrease; 

222 2 

thuii the square of-, or -x-, is less than -, being only two-fifths of it. 

5 5 5 5 

This decrease continues without limit; that is, there is no quantity so 

small but that some power of - is less. For if - v ^r, - ■* -, and the 

211 5 25' 

powers of - are — , , and so on. Since « is greater than i (195), 

5 SJT 9XX 

some power of a may be found which shall be greater than a given 

I 1 

quantity. Let this be called m ; then — is the corresponding power of- ; 

m 5 

and a fraction whose denominator can be made as great as we please, can 
itself be made as small as we please (112). 

197. Wo have, then, in the series 

\ T rr rrr rrrr &c. 

I. A series of increasing terms, if r be greater than i. II. Of terms 
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having the same value, if r be equal to i. III. A seriefl of decreasing 
terms, if r be less than i. In the first two cases, the sum 

i+r+rr+rrr+Hic, 

may evidently be made as great as we please, by sufficiently increasing 
the number of terms. But in the third this may or may not be the 
case ; for though something is added at each step, yet, as that augment- 
ation diminishes at every step, we may not certainly say that we can, 
by any number of such augmentations, make the result as great as we 
please. To shew the contrary in a simple instance, consider the series, 

' ' ^ I «L 

I+-+-+- + -7+&C. 

2 4 8 10 

Carry this series to what extent we may, it will always be necessary to 
add the last term in order to make as much as 2. Thus, 



/ 1 i\ I II 

I 1+-+-)+-=: I+-+-. i+i 

\ 2 4/ 4 22 

/ I I i\ I 

(l+-+- + -)+--2. 

\ 2 4 8 16/ 16 • 



a 



But in the series, every term is only the half of the preceding ; con- 
sequently no number of terms, however great, can be made as great 

as 2 by adding one more. The sum, therefore, of i, -, -, -, &c con^ 

24^ 
tinually approaches to 2, diminishing its distance fix)m 2 at every step, 

but never reaching it. Hence, 2 is called the limit of i +-+-+&& 

24 

We are not, therefore, to conclude that every series of decreasmg terms 

has a limit. The contrary may be shewn in the very simple series, 

I +-+-+-+&C. which may be written thus : 
13 4 

We have thus divided all the series, except the first two terms, into 
lots, each containing half as many terms as there are units in the deno- 
minator of its last term. Thus, the fourth lot contains 16 or ~ terms. 

I * 

Each of these lots may be shewn to be greater than -. Take the third. 
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for example, consisting of -, — , - , — , — , — , — , and — . All except 

9 10 II 12 13 14 15 '^ 

—zt the last, are greater than -7; consequently, by substituting -^ for 
10 16 10 

each of them, the amount of the whole lot would be lessened ; and as 

81 I 

it would then become — r, or -, the lot itself is greater than -. Now, 

II 16 2 ^ 2 

if to 1+-,- be continually added, the result will in time exceed any 

a 2 . . I 

given number. Still more will this be the case if, instead of -, the 

2 

several lots written above be added one after the other. But it is thus 

that the series 1+-+-, &c. is composed, which proves what was said, 

* 3 
that this series has no limit. 

198. The series i+r+rr+rrr+&c. always has a limit when r is less 

than I. To prove this, let the term succeeding that at which we stop 

be a, whence (194) the sum is , or (112) . The terms 

1—-T I^-l* I— f* 

decrease without limit (196), whence we may take a term so far distant 

o 
from the beginning, that a, and therefore , shall be as small as we 



please. But it is evident that in this case , though always 



less than , may be brought as near to aa we please ; that is, the 

series i+r-i-fT+&c. continually approaches to the limit . Thus 

i+-+-+^+&c. where r=s-, continually approaches to — — or 2, as 
was shewn in the last article. 



BXEBCISES. 



The limit of 2+ - + - +&c. 

3 9 

or 2 (1+ - + - +&C.) 18 3 
3 9 

Q 81 

I+— + +&C 10 

10 100 



1^4-? 

5+— ^ — +&C. ... 8| 

7 49 



199. When the fraction r- is not equal to -;,but greater, a is said to 

liave to 5 a greater ratio than has to d ; and when - is less than -^ a 

a 

11 said to have to 6 a less ratio than o has to d. We propose the fol- 
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lowing questions as exercises, since they follow yery simply from this 
definition. 

I. If a be greater than 6, and o less than or equal to d, a will have 
a greater ratio to b than o has to d, 

II. If a be less than b, and o greater than or equal to d, a has a less 
ratio to b than o has to d, 

III. If a be to 6 as is to d, and if a have a greater ratio to b than e 
has to jr, d is less than x ; and if a have a less ratio to b than o to jr, «f is 
greater than », 

IV. a has to 6 a greater ratio than ax to bx-^y^ and a less ratio than 
ax to bx^, 

200. If a have to 6 a greater ratio than c has to (2, a+o has to b^ a 

less ratio than a has to 6, but a greater ratio than c has to d ; or, in 

other words, if 7 be the greater of the two fractions 7 and -, T--;will be 
a o+a 

a nut^nv 

greater than -, but less than 7. To shew this, observe that — must 

a o m+n 

lie between x and y^iSx and y be unequal : for if jr be the less of the 
two, it is certainly greater than or than * ; and if y be the greater 

of the two, it is certainly less than -^ or than y. It therefore lies 

a »«+» 

between x and y. Now let 7 be jr, and let 3 be y : then a^bx^e^dy, 

bx+dy 
Now is something between x and y, as was just proved ; therefore 

a+c ^"^^ a a 

r— - is something between 7 and -. Again, since 7 and - are respectively 

equal to ~ and -p, and since, as has just been proved, - . Ilea be- 
bp aq op+aq 

tween the two last, it also lies between the two first ; that is, if p and 

Q b© any numbers or fractions whatsoever, r /• lies between 7 and -, 

^ "^ bp+dq d 

201. By the last article we may often form some notion of the value 

of an expression too complicated to be easily calculated. Thus, -— ^ 

IX I ax+by ax , iw 

lies between - and — , or i and - ; 77— lies between and 77—, 

1 XX X axx+bbyy axx bbyy 

that is, between - and 7-. And it has been shewn that lies between 

X by a 

a and 6, the denominator being considered as i+i. 

202. It may also be proved that a fraction such as always 

a b c d p+^+r+* 

lies amona: -, -, -, and ~, that is, is less than the greatest of them, and 

p q r s 

greater than the least. Let these fractions be arranged in order of 
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JL f C 

magnitude ; that is, let - be greater than -, - be greater than -, and - 
d P 9 9 r * 

greater than -. Then by (200) 
s 

a+b a h . 
- d - and - 

iP+y g P ^9 r 

a+ft+o 5 a+6 , a ^ c . d 
■ OB and — a — and — 

p+q-^ S P'^9 J' a ♦* * 

a+b+e+d a+b+o . a b d 

■ and - " - • 

p+q+r+8 p+q+r p 8 

whence the proposition is evident. 

203. It is usual to signify *' a is greater than 6" by a > 6, and "" a is 
less than 5" by a < 6 ; the opening of A being turned towards the greater 
quantity. The pupil is recommended to make himself familiar with 
these signs. 



SECTION IX. 

ON PEBMUTATIONS AND COMBINATIONS. 

204. If a number of counters, distinguished by different letters, be 
placed on the table, and any number of them, say four, be taken away, 
the question is, to determine in how many different ways this can be 
done. Each way of doing it gives what is called a ocmbination of four, 
but which might with more propriety be called a selection of four. Two 
combinations or selections are called different, which differ in any way 
whatever; thus, abed and abee are different, d being in one and e in 
the other, the remaining parts being the same. Let there be six counters, 
a, 6, c, d^ e, and/; the combinations of three which can be made out 
of them are twenty in number, as follow : 



ale 


ace 


bed 


bef 


ahd 


acf 


bee 


cde 


abe 


ade 


bqf 


edf 


abf 


adf 


bde 


eef 


acd 


aef 


bdf 


def 



The combinations of four are fifteen in number, namely. 



§ 204-206. PERMUTATIONS AND COMBINATIONS. 119 

abed 
abce 

and so on. 

205. Each of these combinations may be written in several different 
orders ; thus, abed may be disposed in any of the following ways : 



abde 


aode 


adef 


beef 


abdf 


acdf 


bcde 


bdef 


abef 


acef 


bcdf 


edef 



abed 


aebd 


aedb 


abde 


adbo 


adob 


bacd 


eabd 


eadb 


bade 


dabo 


dacb 


bead 


ebad 


cdab 


bdac 


dbae 


dcab 


beda 


ebda 


edba 


bdea 


dbea 


dcba 



of which no two are entirely in the same order. Each of these is said 
to be a distinct permtUatum of ab<xL Considered as a eombinatUmy they 
are all the same, as each contains a, 6, c, and d, 

206. We now proceed to find how many permutaHons^ each con> 
taining one given number, can be made from the counters in another 
given number, six, for example. If we knew how to find all the per- 
mutations containing four counters, we might make those which contain 
five thus : Take any one which contains four, for example, abef, in which 
d and e are omitted ; write d and e successively at the end, which gives 
abofd^ abef By and repeat the same process with every other permutation 
of four; thus, dabo gives dabee and dabof. No permutation of five can 
escape us if we proceed in this manner, provided only we know those 
of four ; for any given permutation of five, as dbfea, will arise in the 
course of the process from dbfe, which, according to our rule, furnishes 
dbfea. Neither will any permutation be repeated twice, for dbfea^ if 
the rule be followed, can only arise from the permutation dlfe. If w« 
begin in this way to find the permutations of two out of the six, 

a b e d e f 

each of these gives five ; thus, 

a gives ab ae ad ae <nf 
b ba bo bd be bj 

and the whole number is 61C5, or 30. 
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Again, ah gives abe abd ahe ahj 

ao ach acd ace aqf 

and here are 30, or 6x5 permutations of 2, each of which gives 4 
permutations of 3 ; the whole number of the last is therefore 6x5x4, 
or 120. 

Again abe gives abed abee abef 

abd abclc abde abdf 

and here aie 120, or 6x5x4, permutations of three, each of which gives 
3 permutations of four ; the whole number of the last is therefore 
6x5x4x3, or 360, 

In the same way, the number of permutations of 5 is 6x5x4x3x2, 
and the number of permutations of six, or the number of different ways 
in which the whole six can be arranged, is 6x5x4x3x2x1. The last 
two results are the same, which must be ; for since a permutation of five 
only omits one, it can only furnish one permutation of six. If instead 
of six we choose any other number, jr, the number of permutations of 
two will be *(x— i), that of three will be *(dr— i)(j?— 2), that of four 
#(d?— i)(x— 2)(j?— 3), the rule being: Multiply the whole number of 
counters by the next less number, and the result by the next less, and 
so on, until as many numbers have been multiplied together as there 
are to be counters in each permutation : the product will be the whole 
number of permutations of the sort required. Thus, out of 12 counters, 
permutations of four may be made to the number of 12x11x10x9, or 
ii88a 

EXERCISES. 

207. In how many different ways can eight persons be arranged on 
eight seats ? Answer^ 40320. 

In how many ways can eight persons be seated at a round table, so 
that all shall not have the same neighbours in any two arrangements ?* 

Answer^ 5040. 

If the hundredth part of a farthing be given for every different 

* The difference betweer. th!s problem and the last is left to the ingenuity of 
the pupil. 
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arrangement which can be made of fifteen persons, to how much will 

the whole amount ? A nstoer, £ 1 362 1 608. 

Out of seventeen consonants and five vowels, how many words can 

be made, having two consonants and one vowel in each ? Answer ^ 4080. 

208. If two or more of the counters have the same letter upon them, 
the number of distinct permutations is less than that given by the last 
rule. Let there be a, a, a, 6, c, d, and, for a moment, let us distinguish 
between the three as thus, a, a', af\ Then, abcafa"d, and al'bcaa'd 
are reckoned as distinct permutations in the rule, whereas they would 
not have been so, had it not been for the accents. To compute the 
number of distinct permutations, let us make one with 5, c, and d^ 
leaving places for the as, thus, ( ) 60 ( ) ( ^d. If the as had been 
distinguished as a, a', a" ^ we might have made 3x2x1 distinct per- 
mutations, by filling up the vacant places in the above, all which ux 
are the same when the as are not distinguished. Hence, to deduce 

the number of permutations of a, a, a, 5, 0, (2, from that of cuidl'hcd^ 

,..,.,,., , , ,. , . 6x5x4x3x2x1 
we must divide the latter by 3x2x1, or 6, which gives — 

or 120. Similarly, the number of permutations of aaaabbboo is 
9x8x7x6x5x4X3x2x i 

4X3X2X IX3X2X IX2X I* 

EXRBCISB. 

How many variations can be made of the order of the letters in th« 
word antitrinitarian ? Answer, 12617.6000, 

209. From the number of permutations we can easily deduce tlie 
number of combinations. But, in order to form these combinations 
independently, we will shew a method similar to that in (206). If we 
know the combinations of two which can be made out of a, 6, c, d, «, we 
can find the combinations of three, by writing successively at the end of 
each combination of two, the letters which come after the last contained 
in it. Thus, ab gives ode, abd, abe; ad gives ode only. ' No combination 
of three can escape us if we proceed in this manner, provided only we 
know the combinations of two ; for any given combination of three, as 
acd, will arise in the course of the process from oc, which, according 
to our rule, furnishes acd. Neither will any combination be repeated 
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tmieB^ for ami, Hihe ndt be Mkmcd, en tmij mnm from ak, nee 
MHher ad mff €d fandOteB iL If we bcgn m Unt wi^ to fiwi tlw 
•ombfwrtioiM of tbe fi^e, 

m b e d a 

a ffwet ao mc ad mc 

b be bd b§ 

c ed e§ 

d de 

Oftbeie, ab pret abe abd abe 

ae aed aoB 

ad ada 

be bed bee 

bd bda 

ed ede 

ae be ee and de give none. 

Oftheie, abe gives abed abee 

abd ...... abde 

acd aode 

bed ...... bode 

Those which contain e give none, as before. 

Of the last, dbod gives abede^ and the others none, which is evidently 
iruo since only one selection of five can bo made oat of five things. 

210. The rule for calculating the number of combinations is de- 
rived directly fVom that for the number of permutations. Take 7 
counters ( then, since the number of permutations of two is 7x6, and 

since two permutations, ba and a6, are in any combination 06, the 

7x6 
number of combinations is half that of the permutations, or - — , 

Since the number of permutations of three is 7x6x5, and as each 
combination abe has 3x2x1 permutations, the number of combina- 
tions of throe in . Also, since any combination of four, abed. 

1x1x3 ^ 

contains 4x3x1x1 pormutation^ the number of combinations of four 

^ W ft W f W A 

is ^ ~^ and so on. The rule is : To find the number of com- 

1x1x3x4. 

binations, each containing n oounter(^ divide the corresponding number 



i 
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of permutations by the product of i, 2, 3, &c. up to ». If « be the 

•p(«p— i) 

whole number, the number of combinations of two is ' ; that of 

1x2 

three is -^ -; that of four is -^ — — — ^ ; and so on, 

1x2x3 1x2x3x4 

211. The rule may in half the cases be simplified, as follows. Out 

of ten counters, for every distinct selection of seven which is taken, a 

distinct combination of 3 is left. Hence, the number of combinations 

of seven is as many as that of three. We may, therefore, find the 

combinations of three instead of those of seven ; and we must moreover 

expect, and may even assert, that the two formulas for finding these 

two numbers of combinations are the same in result, though different 

in form. And so it proves ; for the number of combinations of seven 

out of ten is — 7 — • in which the product 7x6x5x4 occurs 

1x2x3x4x5x6x7 i J -r 

in both terms, and therefore may be removed from both (108), leaving 

— - — , which is the number of combinations of three out of ten. The 
1x2x3 

same may be shewn in other cases. 

EXEBGIflBS. 

How many combinations of four can be made out of twelve things ? 

Answer, 495. 

What number f ^ 
of combinations ^ ^ 



28 



r M r ; 1 r „ 

can be made of ^ 6 i \. ^5 J L 5005 

How many combinations can be made of 13 out of 52 ; or how many 
different h«aids may a person hoid at the game of whist if 

Antwerp 635ot35596oa 
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COMMERCIAL ABITUMfTlC. 



SECTION I. 

f 12. Iff making the calculationf which aie neoeasary in commercial 
aflkin, no more procettet are required than thoie which have been 
Mplained in the preceding book. Bat there is still one thing wanted 
—not to insure the accuracy of our calculations, but to enable us to 
compare and Judge of their results. We have hitherto made use of a 
■iogle unit (15), and have treated of other quantities which are made 
up of a number of units, in Sections II., III., and IV., and of those 
which contain parts of that unit in Sections V. and VI. Thus, if we 
Mre talking of distances, and take a mile as the unit, any other length 
may be represented,* either by a certain number of miles, or a certain 
number of parts of a mile, and (i meaning one mile) may be expressed 

* II li not trui, that if ws ohooM any quantity aa a unit, any other quantity of 
Ihi lanii kind can bo axaotly ropreaanted either by a certain number of units, or of 
parta of a unit. To underitand how thia la proved, the pupil would require more 
knowledfft than ha can ba auppoaed to have; but we can shew him that, for any thing 
ha knowi to the contrary, there may be quantitiea which are neither imits nor paru 
of the unit. Take a mathematical line of one foot in length, divide it into ten parU, 
each of thoae parta into ten parta, and ao on oontinually. If a point A be taken at 
hasard In the Mm, It doea not appear self-evident that if the decimal division be oon- 
Itnuad ever so fkr, one of the poiuta of diviaion must at laat fkll exactly on A : neithw 
would lh« earn* appear neoeasarily true If the diviaion were made mto sevenths, or 
elevtMitha, or In any other way. There may then poaaibly be a part of a fbot which 
ta ao ekttcl nunMrioal (hMUoa whatever of the teolt and this, in a higher braaeh of 
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either by a whole number or a fraction. But we can eagilj see that in 
many cases inconveniences would arise. Suppose, for example, I say, 

that the length of one room is -r- of a mile, and of another of a 

^ i8o 174 

mile, what idea can we form as to how much the second is longer than 

the first ? It is necessary to have some smaller measure ; and if we 

divide a mile into 1760 equal parts, and call each of these parts a yard, 

7 
we shall find that the length of the first room is 9 yards and - of a yard, 

10 9 

and that of the second 10 yards and — of a yard. From tliis we form 

a much better notion of these different lengths, but still not a very 

7 10 

perfect one, on accoimt of the fractions - and -r-. To get a clearer 

. . 9 . ^7 

idea of these, suppose the yard to be divided into three equal parts, and 

7 ' 

each of these parts to be called a foot ; then - of a yard contains z- 

10 3^-9 3 

feet, and ~ of a yard contains — of a foot, or a little more than 

1 07 87 

- of a foot. Therefore the length of the first room is now 9 yards, 
3 I 

2 feet, and - of a foot ; that of the second is 10 yards and a little more 

£ 3 

than - of a foot. We see, then« the convenience of having large mea- 
sures for large quantities, and smaller measures for small ones ; but this 
is done for convenience only, for it is possible to perform calculations 
upon any sort of quantity, with one measure alone, as certainly as with 
more than one ; and not only possible, but more convenient, as far as 
the mere calculation is concerned. 

The measures wnich are used in this country are not those which 
would have been chosen had they been made all at one time, and by a 
people well acquainted with arithmetic and natural philosophy. We 
proceed to shew how the results of the latter science are made usefid in 
our system of measures. Whether the circumstances introduced are 
sufficiently well known to render the following methods exact enough 
for the recovery of astronomical standards, maybe matter of opinion; 
but no doubt can be entertained of their being amply correct fbi 
commercial purposes. 

mathematics, is fotind to be the ease timet without number. What is meant in the 
words on which this note is written, ij>, that any part of a foot can be represented as 
nearly as we please by a numerical fraction of it ; and this is sufficient for practica] 
purposes 
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It is evidently desirable that weights and measures should always 

continue the same, and that posterity should be able to replace any one 

of them when the original measure is lost. It is true that a yard, which 

is now exact, is kept by the public authorities ; bat if this were burnt 

by accident,* how are those who shall live 500 years hence to know 

what was the length which their ancestors called a yard ? To ensure 

them this knowledge, the measure must be derived from something 

which cannot be altered by man, either from design or accident. We 

find such a quantity in the time of the daily revolution of the earth, and 

also in the length of the year, both of which, as is shewn in astronomy, 

will remain the same, at least for an enormous number of centuries, 

unless some great and totally unknown change take place in the solar 

system. So long as astronomy is cultivated, it is impossible to suppose 

that either of these will be lost, and it is known that the latter is 

365*24224 mean solar days, or about 365- of the average interval which 

4 
elapses between noon and noon, that is, between the times when the sun 

is highest in the heavens. Our year is made to consist of 365 days, and 

the odd quarter is allowed for by adding one day to every fourth year, 

which gives what we call leap-year. This is the same as adding - of a 

4 
day to each year, and is rather too much, since the excess of the year 

above 365 days is not '25 but '24224 of a day. The difference is '00776 

of a day, which is the quantity by which our average year is too long. 

This amounts to a day in about 128 years, or to about 3 days in 4 

centuries. The error is corrected by allowing only one out of four of the 

years which close the centuries to be leap-years. Thus, a.d. 1800 and 

1900 are not leap-years, but 2000 is S3. 

213. The day is therefore the first measure obtained, and is divided 

into 24 parts or hours, each of which is divided into 60 parts or minutes, 

and each of these again into 60 parts or seconds. One second, marked 

thus, I*,*!* is therefore the 86400^^ part of a day, and the following is the 

* Since this was firat written, the accident has happened. The ttandard yard wat 
so ii^ured as to be rendered useless by the fire at the Houses of Parliament. 

i The minute and second are often marked thus, \\ I" : but this notation is now 
ahnost entirely appropriated to the minute and second ot angular measure. 
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MRAftURE OF TIME.* 




60 seconds 


are 


I minute . 


, . 1 ID. 


60 minutes 


• . 


I hour • • 


. • 1 h. 


24 hours . 


• . • 


I cUiy • • 


• •id. 


7 daps 


... 


1 week . . 


• . z wk. 


365 days . 


... 


I j/ear . . 


. . I yr. 



214. The second having been obtained, a pendulum can be con- 
structed which shall, when put in motion, perform one vibration in 
exactly one second, in the latitude of Greenwich.f If we were in- 
venting measures, it would be convenient to call the length of this 
pendulum a yard, and make it the standard of all our measures of 
length. But as there is a yard already established, it will do equally 
well to tell the length of the pendulum iu yards. It was found by 
commissioners appointed for the purpose, that this pendulum in London 
was 39*1393 inches, or about one yard, three inches, and -7 of an inch. 
The following is the division of the yard. 



MEASURES OP LENGTH. 

The lowest measure is a barleycom.:|: 



3 barleycorns 
12 inches 



are 



3 feet 

5- yards 

40 poles or 220 yards . . 

8 furlongs or 1760 yards . 



I inch . . 


I in. 


I foot . . 


I ft. 


I yard . . 


I yd. 


I pole . . 


I po. 


1 furlong . 


1 fiur. 


I mile . . 


I mi. 



* The measures in italics are those which it is most necessary that the studeni 
should learn by heart. 

t The lengths of the pendulums which will vibrate in one second are slightly dif- 
ferent in different latitudes. Greenwich is chosen as the station of the Royal Ob- 
servatory. We may add, that much doubt iu now entertained as to the system of 
standards derived firom nature being capable of that extreme accuracy which was 
once attributed to it. 

I The inch is said to have been originally obtained by putting together three grains 
uf barley 
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Also 6 feet i fathom . i fth. 

69- miles . ' I degree . i d^. or i'. 

A geographical mile is ^-th of a degree, and three such miles are one 

00 

nautical league. 

In the measurement of cloth or linen the following are also used : 



2- inches are i nail 

4 

4 nails .... I quarter (of a yard) . 


X nl. 


X qr. 


3 quarters . . . i Flemish ell . . . 


X FLe. 


5 quarters . . . i English ell . . . 


X E. e. 


6 quarters . . . x French ell . . . 


I Fr. e. 



215. MEASn&ES OF SURFACE, OR SUPERFICIES. 

All sur&ces are measured by square inches, square feet, &c; the 

square inch being a square whose side is an inch in length, and so on. 

The following measures may be deduced from the last, as will afterwards 

appear. 

144. square inches are i square fw^ . i sq. ft. 

^square feet . . . i square yard . i sq. yd. 

30- square yards . . i square pole . 1 sq. p. 

4 
40 square poles . . i rood ... i rd. 

4 roods ..... I acre ... i ac. 

Thus, the acre contains 4840 square yards, which is ten times a 

square of 22 yards in length and breadth. This 22 yards is the lengtl 

which land-surveyors' chains are made to have, and the chain is divided 

into 100 links, each '22 of a yard or 7*92 inches. An acre is then xo 

square chains. It may also be noticed that a square whose side is 

4 I 

69- yards is nearly an acre, not exceeding it by - of a square foot 

216. MEASURES OF SOLIDITY OR CAPACITY.* 

Cubes are solids having the figure of dice. A cubic inch is a cube 
each of whose sides is an inch, and so on. 

• ' Capacity' is a terra which cannot be better explained than by its use. "When 
one measure liolds more than another, it is said to be more capacious, or to have a 
greater capaciry. 
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1728 cubic inches are i cubic foot . . x c ft. 
27 cubic feet . . . i cubic yard . . 1 c. yd. 

This measure is not much used, except in purely mathematical 
questions. In the measurements of different commodities various mea- 
sures were used, which are now reduced, by act of parliament, to on«. 
This is commonly called the imperial measure, and is as follows : 

MSASUBB OF LIQUIDS AND OF ALL DRY GOODS. 



4.gilh are 


I pint . . 


. I pt. 


2 pints . . . 


I quart . . 


. I qt 


4 quarts . . 


I gallon 


. I gall. 


z gcdhns . . 


I peck* 


. I pk. 


4 peeks . . 


I bushel . 


. I bu. 


%busheh . . 


I quarter . 


. I qr. 


5 quarters 


I load . . 


. I Id. 



The gallon in this measure is about 277*274 cubic inches; that it, 

very nearly 277- cubic inches.t 
4 
217. The smallest weight in use is the grain, which is thus deter- 
mined. A vessel whose interior is a cubic inch, when filled with 
water,4^ has its weight increased by 252*458 grains. Of the grains so 
determined, 7000 are a pound averdupois^ and 5760 a pound troy. The 

* This measure, and those which follow, are used for dry goods only, 
t Since the publication of the third edition, the heaped measure, which was pan 
of the new system, has been abolished. The following paragraph from the third 
edition will serve for reference to it: 

'< The other Imperial measure it implied to goods which it is customary to sellTty 
heaped measure, and is as follows : 

2 gallons 1 peck 

4 pecks 1 bushel 

8 bushels 1 sack 

12 sacks 1 chaldron 

Hie gallon and bushel in this measure hold the same when only Just filled, as in the 
last. The bushel, however, heaped up aa directed by the act of parliament, is a little 
more than one-fourth greater than before." 

2 Pure water, cleared fh)m foreign substances bv distillation* at a temperature of 
ejo Fahr. 
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first pound is alwavi used, except in weighing precious metals and 
stones, and also medicines. It is divided as follows : 

▲▼ERDUPOIS WEIGHT. 

27 — grains are 1 dram i dr. 

16 drams J or drachms . . i ounce* . . . • x os. 

16 ounces 1 pound .... x lb. 

28 pounds I quarter . • • . i qr. 

4 quarters i hundred-height • i cwt 

20 hundred-weight . . i ton x ton. 

The pound a^erdupois contains 7000 grains. A cubic foot of water 
weighs 62*3210606 pounds averdupois, or 997*1369691 ounces. 

For the precious metals and for medicines, the pound troy, con- 
taining 5760 grains, is used, but is differently divided in the two cases. 
The measures are as follow : 

TROT WEIGHT. 

24 grains are i pennyweight . . . x dwt. 

20 pennyweights . . . x ownce i oz. 

12 ounces i pound x lb. 

The pound troy contains 5760 grains. A cubic foot of water weighs 
75*7374 pounds troy, or 908*848? ounces. 

▲POTBECUUES* WEIGHT. 

20 grains are x scmple ..... 9 

3 scruples . . . . i dram ......% 

8 drams .... i ounee ^ 

X2 ounces i pound lb 

218. The standard coins of copper, silver, and gold, are, — the penny, 
2 
which is 10- drams of copper ; the shilling, which weighs 3 penny- 
weights 15 grains, of which 3 parts out of 40 are alloy, and the rest 

pure silver ; and the sovereign, weighing 5 pennyweights and 3- grains, 

4 
of which X part out of 12 is copper, and the rest pure gold. 

* It ia more common to divide the ounce into four quarters than into sixteen 
dnuns. 
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MBASUBSS OF MONEY. 

The lowest coin is a farthing, which is marked thus, -, being one 

4 
fourth of a penny. 

2 farthings are i halfpmny -d, 

2 

z halfpence ..... \ penny id, 

12 pence I thUling u. 

20 shillings i pound* or sovereign . £j 

21 shillings i guinea.'^ 

219. When any quantity is made up of several others, expressed in 

different units, such as £i . 14 . 6, or 2cwt. iqr. 3 lbs., it is called a 

eompound quantity. From these tables it is evident that any compound 

quantity of any substance can be measured in several different wajrs. 

For example, the sum of money which we call five pounds four shillings 

is also 104 shillings, or 1248 pence, or 4992 farthings. It is easy to 

reduce any quantity from one of these measurements to another; and 

the following examples will be sufficient to shew how to apply the same 

process, usually called Reduction, to all sorts of quantities. 

I. How many farthings are there in £18 . 12 . 6- PiJ: 

4 
Since there are 20 shillings in a pound, there are, in £18, 18x20, or 

360 shillings; therefore, £18 . 12 is 360412, or 372 shillings. Since 

there are 12 pence in a shilling, in 372 shillings there are 372x12, 

or 4464 pence; and, therefore, in £18 . X2 . 6 there are 44.64+6, or 

4470 pence. 

Since there are 4 farthings in a penny, in 4470 pence there are 

• The English pound is generally called apotmd tterhng, whSch distinguishes it 
flrom the freight called a pound, and also from foreign coins. 

t The coin called a guinea is now no longer in use, but the name is still given, 

ttom custom, to 21 shillings. The pound, which was not a coin, hut a note promising 

to pay 20 shillings to the bearer, is also disused for the present, and the sovereign 

supplies its place ; but the name pound is still given to 20 shillings. 

t Farthings are never written but as parts of a penny. Thus, three fleurthings 

S3 2 

being -• of a penny, is written -, or %. One hall)penny may be written either as - 

m —; the latter is most common. 

2 
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4470x4, or 17880 forthings ; and, therefore, in £x8 • la • 6^ there 

4 
are 17880+3, or 17883 farthings. The whole of this procen may be 

written as follows : 

£18 . 12 . 6^ 
4 
20 



360+12 as 372 
12 



4464+6 9 4470 
4 



17880+3 - 17883 

II. In 17883 fiurthings, how many pounds, shillings, pence, and 
fiuthings are there ? 

Since 17883, divided by 4, gives the quotient 4470, and the remainder 
3, 17883 fiuthings are 4470 pence and 3 fiuthings (218). 

Since 4470, divided by 12, gives the quotient 372, and the remainder 
6, 4470 pence is 372 shillings and 6 pence. 

Since 372, divided by 20, gives the quotient x8, and the remainder 

12, 372 shillings is 18 pounds and 12 shillings. 

Therefore, 17883 fiirthings is 4470^., which is 3724. 6^., which is 
^•j 4 4 

£18 . 12 . 6^. 
4 
The process may be written as follows : 

12)4470 ... 3 
20)372 ... 6 

£18 . 12 . 6^ 

4 

EXBBCISBS. 

A has £100 . 4 . II-, and B has 64392 fiuthings. If A receive 1492 
fiirthings, and B £1 . 2 . 3-, which will then have the most, and by how 
much ? — Answer^ A will have £33 . 12 . 3 more than B. 

In the following table the quantities written opposite to each other 
are the same : each line furnishes two exercises. 
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£15 . 18 . 9- 

3™ 149^'*" 2*^ 9*" 

j^Un 2Pli« iga'l 2l*» 

i5b 23m 47« 



15302 fai-things. 
663072 grains. 
1 00 1 drams. 
195477 inches. 

1260 pints. 
59027 seconds. 



220. The same may be done where the number first expressed is 

fractional. For example, how many shillings and pence are there in 

— of a pound ? Now, — of a pound is — of 20 shillinsn ; — of 20 
«5 ' 15 ^ 15 « ' 15 

ia 1^, or ^ (110), or — , or (105) 5- of a shilling. Again, - of 

a shilling is - of 12 pence, or 4 pence. Therefore, £— = 5*. 4^. 

Also, '23 of a day is '23x24 in hours, or 5'"52 ; and '52 of an hour 
is '52x60 in minutes, or 3i"**2; and *2 of a minute is *2x6o in seconds, 
or 12*; whence '23 of a day is 5'* 31" 12". 

Again, suppose it required to find what part of a pound 6«. 8^. is. 
Since f>s, Sd. is 80 pence, and since the whole pound contains 20x12 

or 240 pence, 6s, 2d. is made by dividing the pound into 240 parts, and 

80 80 I 

faking 80 of them. It is therefore £ (107), but « - (108); 

2 240 240* 3 

therefore, 6*. 8rf. = £-. 

3 

EXERCISES. 
2 

- of a day is 9'' 36™ 

'12841 of a day . . , 3*" 4"' 54" •624» 

•257ofacwt. . . . 28">' 12°* 8<*'" 704 

£•14936 2* 11^3^*3856 

221, 222. I have thought it best to refer the mode of converting 
shillings, pence, and farthings into decimals of a pound to the Appendix 
(See Appendix On Decimal Money). I should strongly recommend 
the reader to make himself perfectly familiar with the modes given in 

* When a decimal follows a whole numher, the decimal is always of the same unit 
as the whole number. Thus, 5**5 is five second* and five-tenths of k second. Tbna, 
0**5 means five-tenths of a second; 0^'S, thiee-tenths of an hour. 

N 
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that Appendix. To prevent the subsequent sections firom being altered 

in their numbering, I have numbered this paragraph as above. 

223. The rule of addition* of tvo compound quantities of the same 

sort will be evident from the following example. Suppose it required 

to add £192 . 14 . 2- to £64 . 13 . 11-. The sum of these two is the 

2 4 

whole of that which arises from adding their several parts. Now 

h.+ i/. = -^.-£0.0.1- (219) 
424 4 ' 

• iid.+ 7.d. » I'^d, » O.I.I 

13*.+ 14*. = 27*. =s 1.7.0 

£64 +£192 « 256 . o . o 



The sum of all of which is £257 .8.2- 

4 

This may be done at once, and written as follows : 

£102 . 14 . 2 
2 

64 . 13 . II- 
4 

£257. 8. 2^ 
4 

Begin by adding together the ferthings, and reduce the result to 
pence and farthings. Set down the last only, carry the first to the line 
of pence, and add the pence in both lines to it. Reduce the sum to 
shillings and pence ; set down the last only, and carry the first to the 
line of shillings, and so on. The same method must be followed when 
the quantities are of any other sort ; and if the tables be kept in me- 
mory, the process will be easy. 

224. SuBTRAcriON is performed on the same principle as in (40), 
namely, that the difference of two quantities is not altered by adding the 

same qrantity to both. Suppose it required to subtract £19 . 13 . 10^ 
I 4 

from £24 .5.7-. Write these quantities under one another thus : 
2 

* Before reading thii article and the next, articles (29) and (42) should be read 
vain caiefuIQr. 
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£24 .5.7- 
2 

3 
19 . 13 . loi 

4 
• 3 12 

Since - cannot be taken from - or -^ add id. to both quantities, 
,4 * 4 

which will not alter their difference ; or, which is the same thing, add 

4 fiuthings to the first, and id. to the second. The pence and fiuthings 

63 3 

in the two lines then stand thus: 7--d. and ii-^. Now subtract - 

6 ',4 4 4 

from -, and the difference is -, which must be written under the 

4 4 

ferthings. Again, since iid. cannot be subtracted from jd., add i«. to 

both quantities by adding izd. to the first, and u. to the second. The 

pence in the first line are then 19, and in the second xi, and the 

difference is 8, which write under the pence. Since the shillings in the 

lower line were increased by i, there are now 149. in the lower, and 5*. 

in the upper one. Add los. to the upper and jSi to the lower line, and 

the subtraction of the shillings in the second from those in the first 

leaves lis. Again, there are now ;^2o in the lower, and ^^24 in the 

upper line, the difference of which is £4. ; therefore the whole difference 

of the two sums is £4. . 11 . 8-. If we write down the two sums with 

4 
all the additions which have been made, the process will stand thus : 

6 

4 



6 
£24. . 25 . 19- 



20 . 14 . II- 



Difference ^^4 . 11 . 8^ 

4 

225. The same method may be applied to any of the quantities in 
the tables. The following is another example : 

From 7 cwt. 2 qrs. 21 lbs. 14 ox. 
Subtract a cwt. 3 qrs. 27 lbs. 12 oz. 
After alterations have been made similar to those in the last article, the 
question becomes: 

From 7 cwt 6 qrs. 49 lbs. 14 oz. 
Subtract 3 cwt. 4 qrs. 27 lbs. 12 oz. 
The difference is 4 cwt. 2 qrs. 22 lbs. 2 oz. 
In this example, and almost every other, the process may be a little 
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ghortened in the following way. Here we do not subtract 27 lbs. from 
21 lbs., which is impossible, but we increase 21 lbs. hy i qr. or 28 lbs. 
and then subtract 27 lbs. from the sum. It would be shorter, and lead 
to the same result, first to subtract 27 lbs. from i qr. or 28 lbs. and add 
the difference to 21 lbs. 

226. EXERCISES. 

A man has the following sums to receive: £193 • 14 • 11—, 

jC22 .0.6^, ^^647 3 .0.0, and £^g . 14 . 4 ; and the following debts 

4-1 * I 

to pay: £200 . 19 . 6-, £305 . 16 . 11. £22, and £19 .6.0-. How 

4 * 3 

much will remain after paying the debts ? Answer, ig6i90 • 7 . 4—. 

4 
There are four towns, in the order A, B, C, and D. If a man can 

go from A to B in s** ^o™ 33*» ^oni B to C in 6*> 49'" 2% and from A 
to D in 19I* o^ 17% how long will he be in going from B to D, and frt>m 
C to D ? Answer, is"* 39™ 44*, and 6*» 50" 42*. 

227. In order to perform the process of MultiplicatioNi it must 
be recollected that, as in (52), if a quantity be divided into several 
parts^ and each of these parts be multiplied by a number, and the 
products be added, the result is the same as would arise from multi- 
plying the whole quantity by that number. 

It is required to multiply £7 . 13 . 6- by 13. The first quantity is 

4 
made up of 7 pounds, 13 shillings, 6 pence, and i farthing. And 

1 farth. X 13 is 13 farth. or £0 . o . 3- (219) 

4 

6 pence x 13 is 78 pence, or 0.6.6 

13 shill. X 13 is 169 shill. or 8.9.0 

7 pounds X 13 is 91 pounds, or 91,0.0 



The sum of all these is £99 . 15 • 9- 



4 



which is therefore £7 . 13 . 6-x 13. 

4 

This process is usually written as follows : 

£7 . 13 . ^ 
4 

13 



£99 . »5 • 9- 
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228. DiYisioM is perfonned upon the same principle as in (74), 

vis. that if a quantity be diyided into any number of parts, and each 

part be divided by any number, the different quotients added together 

will make up the quotient of the whole quantity divided by that number. 

Suppose it required to divide £^^ • ^5 • 9~ hy 13. Since 99 divided by 

4 
13 gives the quotient 7, and the remainder 8, the quantity is made up 

of £13x7, or £91, and £8 . 15 . 9-. The quotient of the first, 13 being 

4 
the divisor, is £j : it remains to find that of the second. Since £2 is 

i6o«., ;f 8 . 15 . ^ is I75«. 9-</., and 175 divided by 13 gives the quotient 

4 4 I 

13, and the remainder 6 ; that is, 1759. ^-d, is made up of i69<. and 

1 4 

6s, ^-d,^ the quotient of the first of which is 13^., and it remains to find 

4" II 

that of the second. Since 6s, is 72(/., 6«. ^-d, is 8 !•-</., and 81 divided 

4 4 1 

by 13 gives the quotient 6 and remainder 3 ; that is, %i--d, is ^%d. and 

I 4-12 

3 -J., of the first of which the quotient is 6d, Again, since 3</. is — , 

4 I .4 

or 12 farthings, %-d, is 13 fiurthings, the quotient of which is 1 ferthing, 

I 4- 1 

or -, without remainder. We have then divided ;^99 • 15 . 9- into 

4 4 

four parts, each of which is divisible by 13, viz. ;^9i, i69«., 78{/., and 

13 farthings ; so that the thirteenth part of this quantity is £7 , 13 • 6-. 

The whole process may be written down as follows ; and the sair e sort ol 

process may be applied to the exercises which follow : 

£ s, d. £ s, d, 

'3)99 15 97(7 13 6- 
91' * ^ 

"8 
20 

160+15 ■" '75 

IL 

45 
39 

6 
12 

7i'#'9 - 81 
Z?. 

± 

o 
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Here, each of the namben 09, 175, 81, and 13, is divided bj 13 in 

the usual way, though the divisor is only written before the first of 

them. 

BXEBCI8BS. 

ft cwt I qr. 21 lbs. 7 oz. x 53 "^ 129 cwt i qr. 16 lbs. 3 ox. 
2<i 4.h 3« 27»x 109 a. 236** lo*" le™ 3* 
£27 . 10. 8 X 569 — £15666 .9.4 

£7 . 4 . 8 X X23 « £889 . 14 

8 6 

jSi66x — » £40 . 4 . 10 — 

33 33 

£187. 6. 7x — «£5.i2.4- — 
100 425 

49. 6-d. X 1 121 a £^S^ ' XI . 2- 

2 2 

4r. 4£f. X 4260 a 6«. 6d x 2840 

229. Suppose it required to find how many times is. ^.-d, is contained 

3 ^ 

In i^3 . 19 . xo>. The way to do this is to find the number of farthings 

4 

in each. By (219), in the first there are 65, and in the second 3835 

Airthlngs. Now, 3835 contains 65 59 times; and therefore the second 

quantity is 59 times as great as the first. In the case, however, of 

pounds, shillings, and pence, it would be best to use decimals of a 

pound, which will give a sufficiently exact answer. Thus u. ^-d, is 

3 4 

£'067, and £3 . 19 . xo- is £3*994, and 3*994 divided by '067 is 3994 

by 67, or 592-* This is an extreme case, for the smaller the divisor, 

07 

the greater the efitect of an error in a given place of decimals. 

EXERCISES. 

How many times does 6 cwt. 2 qrs. contain x qr. X4 lbs. x oz. ? and 
I* 1^ ©■ 47« contain 3" 46* p Af%sw€r^ 17*30758 and 4i4*367257. 

If 1 cwt 3 qra. x lb. cost £150 . X3 . 10, how much does x lb. cost ? 

J 13 
Answer^ 91. 90. — ^. 

309 
A grocer mixes 2 cwt. X5 lbs. of sugar at i idL per pound with X4 cwt. 

3 lbs. at 5d« per pound. At how much per pound must he sell the 

mixture ao as not to lose by mixing them ? Answer^ Kd, ~ -^. 

4905 

230. There is a convenient method of multiplication called Prao- 

TiCR. Suppose I ask. How mudi do X53 tons cost if each ton coat 
£t . 15 . 7 ? It is plain thai if this sum be multiplied by 153, the 
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product is the price of the whole. But this is also evident, that, if I 
buy 153 tons at £2 . 15 . 7- each ton, pa3rment may be made by first 
putting down £2 for each ton, then 109. for each, then 5^., then 6</., 
and then i-d. These sums together make up £2 . 15 . 7-, and the 
reason for this separation of JS2 • 15 .7- into different parts will be soon 
apparent. The process may be carried on as follows : 

1. 153 tons, at £z each ton, will cost £306 o o 

2. Since 10a, is £-, 153 tons, at los. each, will cost 



£^, which is 76 



10 



3. Since 5«. is - of 10s,, 153 tons, at 5«., will cost half 

2 

as much as the same number at ics, each, that 

is, - of £76 . 10, which is 

^2 ' J ' 

4. Since 6d. is — of 5 a, 153 tons, at 6d. each, will 

J 10 "^ 

cost — of what the same number costs at ks, 
10 , 

each, that is, — of £38 . 5, which is ... . 

1 '° I 

5. Since i- or 3 halfpence is - of 6d, or 12 halfpence, 

* 1 4 I 

153 tons, at i-d, each, will cost - of what the 

* 4,1 

same number costs at 6d. each, that is, - of 

4 



38 5 



3 16 6 



£3 . 16 • 6, which is 



o 19 



^iS3 



£1 per ton. 



£2 is 2 X £1 


306 





•*• 


2 





10s, is - of igi 

2 


76 10 





1 




10 





5*. IS - of 108, 
2 


38 5 





1 

1 


5 





6d, is — of K8. 
10 


3 16 


6 


CO 

K» 





6 


i-rf. is - of 6rf. 
2 4 


19 


I 
1- 

2 


1 





I 
1- 

2 


Sum . • . 


£425 10 


I 


£2 15 


I 



I 
1- 

a 



The sum of all these quantities is 425 10 7- 

which is, therefore, £z , 15.7-X153. 

2 

The whole process may be written down as follows : 
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▲MOTHER EXAMPLE. 

What do 1735 lbs. cost at 9*. 10^ per lb. ? Tli« price 9*. 10^ 

1 4- I . I 4 

is made up of 5«., 44., lod.^ -d., and -d, ; of which $8, is - of ;6fi, 

4*. is - of £1, lorf. is y of 5»., -d. is — of lorf., and -rf. is - of -d. 
^5 ' 62 20 4 2X 

Follow the same method as in the last example, which gives the fol- 
lowing : 

£1735 o o £1 per lb. 



5*. is - of j^i 


433 


15 







4 








• 


4». is - of j^i 
5 


347 








1 


lorf. is "7 of 5«. 



72 


5 


ID 


• 


I 1 






I 


i 


-d. IS — of lorf. 


3 


12 


3-," 




2 20 






2 


1 


-rf. u - of-d. 


I 


16 


il 




4 2 2 






4 





by addition ... 


£%S^ 


9 


I 





040 



o 10 



I 
o- 

2 
1 

o- 
4 



j^o 9 10^ 
4 



In all cases, the price must first be divided into a number of parts, 
each of which is a simple finction* of some one which goes before. No 
rule can be given for doing this, but practice will enable the student 
immediately to find out the best method for each case. When that is 
done, he must find how much the whole quantity would cost if each of 
these parts were the price, and then add the results together. 



EXERCISES. . 

What is the cost of 

1 9 

243 cwt. at £14. . 18 . 8- per cwt. ? — Answer, ^£'3629 .1.0-. 

4 4 

169 bushels at £z .1.3- per bushel ? — Answer , ^34^ . 14 . 9-. 

4 4 

273 qrs. at 19*. 2d. per quarter? — Answer, X261 . 12 . 6. 

2627 sacks at js. S-d, per sack ?— Answer, ;€ioi2 .9.9-. 

2 2 

* Any fraction of a unit, whose numerator if UDity, if generally called ao alifuoi 

part of that unit. Thus, 2t. and 10«. are both aliquot parts of a pound, being £r^ 

andjgi. 
2 
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231. Throughout this section it must be observed, that the rules 
can be applied to cases where the quantities given are expressed in 
common or decimal fractions, instead of the measures in the tables. 
The following are examples : 

What is the price of 2723479 cwt. at;^2 ,1.3- per cwt. ? 

Answer, £$62'xi^^, or ^^562 .5.8-. 

II I 4- 

66-lb8. at IS, 4-rf. per lb. cost £^ . 1 1 . 5-. 
22 4 

How many pounds, shillings, and pence, will 279*301 acres let for 

if each acre lets for ;^3'io76 ? — Answer, i 867*9558, or ^^867 . 19 . i-. 

II 12 ^ 

What does - of — of 17 bush, cost at - of - of j^ 17 . 14 per bushel ? 

4 13 5 3 I 

Answer, £z"iJj^6, or £z ,6.3-. 

What is the cost of 19 lbs. 8oz. i2dwt. 8gr. at £^ .4,6 per ounce? — 

Answer, ^^999 . 14 . 1 — . 

4 5 

232. It is often required to find to how much a certain sum per day 
will amount in a year. This may be shortly done, since it happens that 
the number of days in a year is 240+120+5 ; so that a penny per day 
is a pound, half a pound, and 5 pence per year. Hence the following 
rule : To find how much any sum per day amounts to in a year, turn h 
into pence and fractions of a penny ; to this add the half of itself, and 
let the pence be pounds, and each farthing five shillings ; then add five 

times the daily sum, and the total is the yearly amount. For example, 

3 *? 

what does 12*. 3-rf. amount to in a year? This is 147-rf., and its half 

7.4 3.5 ^ 

i* 73ft^«> which added to 147-rf. gives 221^., which turned into pounds 

^ 3 *? 

is £221 , 12 . 6. Also, 125. 3^.x5 is ;^3 . i . 6^, which added to the 

34 4 

former sum gives ^^224 . 14 . o- for the yearly amount. In the same 

4-1 I ^ 

way the yearly amount of zs, 3 d. is ;^4i . 16 , 5-; that of d=rf. is 

3 * * 4 
jf 10 .5.3-; and that o{ iid, is £jS . 14 . 7. 

4 , 

233. An inverse rule may be formed, sufficiently correct for every 

purpose, in the following way : If the year consisted of 360 days, or 

3 

- of 240, the subtraction of one-third from any sum per year would give 

the proportion which belongs to 240 days ; and every pound so obtained 

would be one penny per day. But as the year is not 360, but 365 da3rs, 

if we divide each day's share into 365 parts, and take 5 away, the whole 

of the subtracted sum, or 360/5 such parts, will give 360 parts for each 
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or the 5 tiaya whfch ve neglected at Gnt. But 360 gucb parts are left 
behind for each of the j6o lint ilaya ; theretbre, this additional proceai 
divides the whole annual amount equally among the 365 dajs. Now, 
5 parts out of 365 ja one out of 73, or the 73d part of the firal remit 
muit be aubtraiied from it to produce the true refult. Unl^ the daily 
cum be lery large, the 7i,d part nill do equally well, which, as 7s 
bxthings are i3 pence, is equivalent to subtracting at the rate of one 
bribing for iSd., or -d. for 31., or io<f. for £3. The rule, then, is as 
follows ! To find how much per day will produce a given aum per year, 
turn the shilUnga, &C in the given >um into decimals of a pound (221) [ 
lubtiact one-third; consider the result as pence ; and diminish it by one 
&rthing for every eighteen pence, or ten pence for every £3. For 
example, how much per day will give £214 . 14 . o^ per year ? Thi* 
is 114-703, and its third is 74'90i, which subtracted from 114703, give* 
149'Soi, which, if they be pence, amounts to tit. j'Souf., in which 
It. id. is contained S times. Subtract 8 farthings, or ut., and we bare 
IM. 3'8oirf., which differs ftom the truth only about — of a ftithing. In 
the same way, £100 per year is 51. 5^ per day. 

S34. I'he fallowing connexion between the measures of length and 
is of surfbce is the foundation of the application of aiithmetie 



. here drawn (which is called a 
B 6 inches, and the side * c 4 



Suppose an oblong figure, 1, B, c, d, > 
rtelangit in geometry), with the side i 






inches. Divide a b and c n (which are equal) each into 6 inches by 
the points a, £, «, j; ni, & c. ; and « c and B D (which are also equal) 
Into 4 inches by the points /, g, h, f, y, and s. Join a and /, b and n, 
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&c., and /and x^ &c. Then, the figure a b c d is divided into a number 
of squares ; for a square is a rectangle whose sides are equal, and 
therefore a a/E is square, since a a is of the same length as a/, both 
being i inch. There are also four rows of these squares, with six 
squares in each row; that is, there are 6x4, or 24 squares altogether. 
Each of these squares has its sides i inch in length, and is what was 
called in (215) a square inch. By the same reasoning, if one side had 
contained 6 yards, and the other 4 yards, the surface would have 
contained 6x4 square yards ; and so on. 

235. Let us now suppose that the sides of a b c d, instead of being 
. _ « a whole number of inches, contain some inches and a 

ABB 

fraction. For example, let a b be 3- inches, or (114) 

7 * ^ 9 

- of an inch, and let a c contain 2- inches, or - 
2 » 44 

of an inch. Draw a e twice as long as a b, and a f 
four times as long as a c, and complete the rectangle 
A E F o. The rest of the figure needs no description. 

Then, since a e is twice a b, or twice - inches, it is 7 

* 9 

inches. And since a f is four times a c, or four times - 

« . * 

inches, it is 9 inches. Therefore, the whole rectangle 

A E F o contains, by (234), 7x9 or -63 square inches. But the rectangle 

A E F o contains 8 rectangles, all of the same figure as a b c d ; and 

6) 
therefore a b c d is one-eighth part of a e f o, and contains — square 

inches. But — is made by multiplying - and - together (118). From 

o 42 

this and the last article it appears, that, whether the sides of a rectangle 
be a whole or a fractional number of inches, the number of square inches 
in its surface is the product of the numbers of inches in its sides. The 
square itself is a rectangle whose sides are all equal, and therefore the 
number of square inches which a square contains is found by multiplying 
the number of inches in its side by itself. For example, a square whose 
side is 13 inches in length contains 13x13 or 169 square inches. 

236. EXERCISES. 

What is the content, in square feet and inches, of a room whose 
sides are 42 ft. 5 inch, and 3 1 ft. 9 inch. ? and supposing the iglec^ ^qxsl. 



c b 
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which its carpet is taken to be three quarters of a yard in breadth, what 
length of it must be cut off? — Answer^ The content is 1346 square feet 
105 square inches, and the length of carpet required is 598 feet 6^ 
inches. 

The sides of a rectangular field are 253 yards and a quarter of a 
mile ; how many acres does it contain ? — Answer y 23. 

What is the difference between 18 square miles, and a square of 18 
miles long, or 18 miles square? — Answer, 306 square miles. 

237. It is by this rule that the measure in (215) is deduced from 
that in (214); for it is evident that twelve inches being a foot, the 
square foot is i2xiz or 144 square inches, and so on. In a similar way 
\i may be shewn that the content in cubic inches of a cube, or paral- 
lelepiped,* may be found by multiplying together the number of inches 
in those three sides which meet in a point. Thus, a cube of 6 inches 
contains 6x6x6, or 216 cubic inches; a chest whose sides are 6, 8, and 5 
feet, contains 6x8x5, or 240 cubic feet. By this rule the measure in 
(216) was deduced from that in (214). 



SECTION II. 

RULE OF THREE. 

238. Suppose it required to find what 156 yards will cost, if 22 

vards cost ly*. ^d. This quantity, reduced to pence, is 2c8<i. ; and if 

208 
22 yards cost 2c8£^., each yard costs d. But 156 yards cost 156 

times the price of one yard, and therefore cost x 156 pence, or 

O A T 22 

^° ^'^ pence (117). Again, if 25- French francs be 20 shillings 

22 2 J 

sterling, how many francs are in £20. 15? Since 25- francs are 20 

shillings, twice the number of francs must be twice the number of 
shillings; that is, 51 francs are 40 shillings, and one shilling is the 



* A parallelepiped, or more properly, a rectangular parallelepiped, is a figure of 
the form of a brick; its sides, however, may be of any length; thus, th« figure of a 
plank has the same name. A cube is a parallelepiped with equal sides, such as 
is a die. 
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fortieth part of 51 francs, or -^ francs. But £20 159. contain 415 

40 CI 51 

shiUings (219); and since i shilling is — francs, 415 shillings is — 

X415 francs, or (117) ^ ^ ^ francs. 

40 
239. Such questions as the last two belong to the most extensive 

rule in Commercial Arithmetic, which is called the Rule op Thrbs, 

because in it three quantities are given, and a fourth is required to be 

found. From both the preceding examples the following rule may be 

deduced, which the same reasoning will shew to apply to all similar 

cases. 

It must be observed, that in these questions there are two quantities 

which are of the same sort, and a third of another sort, of which last 

the answer must be. Thus, in the first question there are 22 and 156 

yards and 208 pence, and the thing required to be found is a number of 

pence. In the second question there are 20 and 415 shillings and 23- 

2 

francs, and what is to be found is a number of fi-ancs. Write the three 
quantities in a line, putting that one last which is the only one of 
its kind, and that one first which is connected with the last in the 
question.* Put the third quantity in the middle. In the first question 
the quantities will be placed thus : 

22 yds. 156 yds. l^8, ^. 

In the second question they will be placed thus : 

20«. £zo 1^3. 25- francs. 

2 

Reduce the first and second quantities, if necessary, to quantities of 
the same denomination. Thus, in the second question, £zo 159. must 
be reduced to shillings (219). The third quantity may also be reduced 
to any other denomination, if convenient ; or the first and third may 
be multiplied by any quantity we please, as was done in the second 

* This generally comes in the same member of the sentence. In some cases the 
ingenuity of the student must be employed in detecting it. The reasoning of (238) 
Is the best guide. The following may be very often applied. If it be evident that 
the answer must be less than the given quantity of its kind, multiply that given 
quantity by the less of the other two; if greater, by the greater. Thus, in the first 
qnestion, 156 yards must cost more than 22 ; multiply, therefore, by 156. 

O 
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question | and, on looking at the answer in (238), and at (108), it will 
be seen that no change is made by that multiplication. Multiply the 
second and third quantities together, and divide by the first. The 
result is a quantity of the same sort as the third in the line, and is the 

answer required. Thus, to the iirst question the answer is (238) 

ao8xi56 17*. 4rf.xi56 

pence, or, which is the same thing, i— . 

22 22 

240. The whole process in the first question is as follows :* 
yds. yds. s. d. 

2% : 156 :: 17.4 

12 

208 pence. 
_iS6 

1248 
1040 
208 



22)32448(1474^. and — , or — of a farthing, 

** or (219) £6.2. lo^-t. 

— 411 

104 
88 



164 
154 

X08 
88 

20 
(MB) ^ 

80 
66 



The question might have been solved without reducing 179, 4.d, to 
pence, thus : 

* It is usual to place points, in the maimer here shewn, between the quantities, 
Those who have read Section VIII. will see that the Rule of Three is no more than 
the process for finding the fourth term of a proportion i^m the other three. 
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7d& yds. «. €U 

22 : 156 :; 17.4 

156 (227) 



aa)£i35 • 4 . o(£6 . a . lol -L (228) 

411 ^ ' 

3xao-i-4 as 64 
44 

aoxia « a4o 
aao 

aox4« 80 
66 

14 
The student must learn by practice which is the most convenient 
method tor any particular case, as no rule can be given. 

241. It may happen that the three given quantities are all of one 
denomination ; nevertheless it will be found that two of them are of 
one, and the third of another sort For example: What must an 
income of £400 pay towards an income-tax of 49. 6d, in the pound ? 
Here the three given quantities are, JS400, 49. 6cf., and jSi, which are 
all of the same species, viz. money. Nevertheless, the first and third 
are income ; the second is a tax, and the answer is also a tax ; and 
therefore, by (152), the quantities must be placed thus : 

£1 : £400 :: 4«. 6a 

242. The following exercises either depend directly upon tliis rule, 
or can be shewn to do so by a little consideration. There are many 
questions of the sort, which will require some exerdse of ingenuity 
before the method of applying the rule can be found. 

BXEBCISES. 

If 15 cwt. a qrs. cost £198 .15.4, what does i qr. aa Ibe. cost? 

Answer^ £5 . 14 . 5- — K 

4*17 
If a horse go 14 m. 3 fur. 27 yds. in s** 26^ la*, how long will he be 

a46a 
in going a3 miles ? Antwerp s^ ap" 34* . 

Two persons, A and B, are bankrupt* tid owe exaetly the same 
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sum ; A can pay 15s. ^~d. in the pound, and B only ^8, S-d. At the 

2 4 

same time A hiis in his possession JS1304. 17 more than B; what do 

3 9 

the debts of each amount to ? Answer, £3340 .8.3— -i-. 

I . 4 *5 

For every 12- acres which one country contains, a second contains 
I * 

56-. The second country contains 17,300 square miles. How niuch 

4 
does the first contain? Again, for every 3 people in the first, there 

are 5 in the second ; and there are in the first 27 people on every 20 

acres. How many are there in each country? — Answer, The number 

of square nulea in the fin,t i. 3*44^. and iU population 3,3",6oo , and 

the population of the second is 5,536,000. 

If 42- yds. of cloth, 18 in. wide, cost £59 . 14 . 2, how much will 

I * 4 

J 1 8- yds. cost, if the width be i yd. ? Answer, £332 . 5 . a—. 

4 17 

If £9 . 3 . 6 last six weeks, how long will £100 last ? 

Answer^ ^S-~ weeks. 

3 307 

How much sugar, worth 9-rf. a pound, must be given for 2 cwt. of 

4 ^r 
tea, worth lorf. an ounce ? Answer, 32 cwt 3 qrs. 7 lbs. •^. 

39 
243. Suppose the following question asked : How long will it take 

1 5 men to do that which 45 men can finish in xo days ? It is evident 

that one man would take 45x10, or 450 days, to do the same thing, 

and that 15 men would do it in one-fifteenth part of the time which it 

450 
employs one man, that is, in -^—, or 30 days. By this and similar 

reasoning the following questions can be solved. 



EXERCISES* 

If 15 oxen eat an acre of grass in 12 days, how long will it take 26 

oxen to eat 14 acres ? Answer, 96^ days. 

If 22 masons build a wall 5 feet high in 6 days, how long will it 

take 43 masons to build 10 feet ? Answer, 6—. days. 

43 
244. The questions in the preceding article form part of a more 

general class of questions, whose solution is called the Double Rule 

OF Three, but which might, with more correctness, be called the Rule 

of Five, since five quantities are given, and a sixth is to be found. 

The following is an example : If 5 men can make 30 yards of cloth in 

3 days, how long will it take 4 men to make 68 yards? The first 
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thing to be done is to find out, from the first .part of the question, the 
time it will take one man to make one yard. Now, since one man, in 
3 days, will do the fifth part of what 5 men can do, he will in 3 days 
make — , or 6 yards. He will, therefore, make one yard in ^ or in •= — 

of a day. From this we are to find how long it will take 4 men to make 

3x5 
68 yards. Since one man makes a yard in ^—=- of a day, he will make 68 

yards in«= — ^x68 days, or (116) in days; and 4 men will do this 

30 30 '3xcx68 1 

in one-fourth of the time, that is (123), in ^-^ days, or in 8- days. 

^ ' 30x4 "^ s 

Again, suppose the question to be : If 5 men can make 30 yards in 
3 days, how much can 6 men do in 12 days? Here we must first find 

the quantity one man can do in one day, which appears, on reasoning 

30 
similar to that in the last example, to be -^— yards. Hence, 6 men, 

in one day, will make — =- yards, and in 11 days will make =- 

5x3 5X3 

or 144. yards. 

From these examples. the following rule may be drawn. Write the 

given quantities in two lines, keeping quantities of the same sort under 

one another, and those which are connected with each other, in the 

same line. In the two examples aboye giyen, the quantities must be 

written thus : 

5 men. 30 yds. 8 days* 




4 men. 



6 men. 



68 yds. 

SECOND BXAHPLS. 
30 yds. 



3 days. 




6 men. 12 days. 

Draw a curve through the middle of each line, and the extremities 
of the other. There will be three quantities on one curve and two on 
the other. Divide the product of the three by the product of the two, 
and the quotient is the answer to the question. 

o2 
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If neceHarj, the quantities in each line miut be letfneed to more 
ample denominations (219), as was done in the common Bale of 
Three (238). 

■XEBCISKS. 

If 6 hones can, in 2 days, plough 17 acres, how many acres will 

I 7 

93 horses plough in 4- days ? Antwerp 59^0* 

,2 8 

If 20 men, fn 3- days, can dig 7 rectangular fields, the sides of each 
4 
of which are 40 and 50 yards, how long will 37 men be in digging 53 

fields, the sides of each of which are 90 and 125- yards ? 

* 2451 
Antwerp 75 days. 

20720 

If the carnage of 6ocwt. through 20 miles cost £14 io«., what weight 
ought to be carried 30 miles for £5 . 8 . 9 ? Antwerp 15 cwt. 

If £100 gain £$ in a year, how much will £Z$o gain in 3 years and 
8 months ? Answer^ iS'55 . x6 . 8. 



SECTION III. 

INTEREST, ETC. 

245. In the questions contained in this Section, almost the only 
process which will be employed is the taking a Actional part of a sum 
of money, which has been done before in several cases. Suppose it 

required to take 7 parts out of 40 from £16, that is, to divide £16 into 

16 
40 equal parts, and take 7 of them. Each of these parts is £ — , and 7 of 

them make — X7, or ^ pounds (116). The process may be written 

40 40 

ns below : 

£16 

7_ 

4o)ii2(£2 . i6«. 
80 

3a 
20 

640 
4»_ 
140 

c 
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Suppose it required to take ] parts out of a hundred from 
£S^ . 13 . 7^. 

56 . 13 . 7- 
13 



100)736 . 17 . i-(£7 . 7.4- — 



700 



36^20+17 


=»737 










700 










37x12+1 


-445 
400 

45x4+2 • 


182 
100 



82 

Let it be required to take 2- parts out of a hundred from £3 12s, 
The result, by the same rule is — = -, or (123) ; so 

. 100 SCO 

that taking 2- out of a hundred is the same as taking 5 parts out of 200. 

2 



EXERCISES. 
I 120 

Take 7- parts out of 53 from £1 los. Answer, 43. i d, 

3 3 159 

Take 5 parts out of 100 frt)m ^^107 i3«. 4^. 

4 3 

Answer^ £5.7.8 and -^ of a farthing. 

20 

£56 3«. 2fi{. is equally divided among 32 persons. How much does 

the share of 23 of them exceed that of the rest ? 

Answer, £24 .11.4 — . 

22 

246. It is usual, in mercantile business, to mention the fraction 
which one sum is of another, by sajdng how many parts out of a hun- 
dred must be taken from the second in order to make the first. Thus, 
instead of saying that £16 12s. is the half of £33 4s.« it is said that the 

first is 50 per cent of the second. Thus, £$ is 2- per cent of £200 ; 

I * 
because, if £200 be divided into 100 parts, 2- of those parts are £5. 

Also, £13 is 150 per cent of £8 . 13 . 4, since the first is the second 

and half the second. Suppose it asked. How much per cent is 23 
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parts out of 56 of any gum P The question amounts to this ; If be who 

has £$6 gets £100 for them, how much will he who has 23 receive? 

This, by (288), is -=-7 — , or -—-, or 41 — . Hence, 13 out of 56 is 

I 50 5^ H 

41 — per cent. 

'i. ., , * - « . 16x100 __8 . . _ 

Similarly j6 parts out of 18 is — - — , or 88- per cent, and % parts 

* - . 2x100 ^ " 9 
out of 5 IS , or 40 per cent. 

From which the method of reducing other fractions to the rate per 

cent is evident. 

Suppose it asked. How much per cent is £6 . 12 . 2 of £i% • 3 ? 

Since the first contains 1586J., and the second 2916^!., the first is 1586 

. . ic86oo 
out of 2916 parts of the second; that is, by the last rule, it is -= — ^-^ 

1136 I *9'^ 

or 54 — ^, or £54 .7.9- per cent, very nearly. The more expeditious 
2910 2 

way of doing this is to reduce the shillings, &c to decimals of a pound. 
Three decimal places will give the rate per cent to the nearest shil- 
ling, which is near enough for all practical purposes. For instance, in 
the last example, which is to find how much £6*608 is of £12' 15, 
6*6o8xxoo is 660*8, which divided by 12*15 gives £54*38, or £54 . 7. 
Greater correctness may be had, if necessary, as iu the Appendix. 

EXEB€IS£S. 

How much per cent is 198- out of 233 parts? — Ant, £85 .1.8-. 

4 4 

Goods which are bought for £193 . 12, are sold for £216 .13.4; 

how much per cent has been gained by them ? 

Answer^ A little less than £xx . 18 . 6. 

A sells goods for B to the amount of £230 . 12, and is allowed a 

eommiaskm* of 3 per cent ; what does that amount to ? 

^fiji0«r, £6 . x8 4- -^. 
I 4 ^ 
A fltockbroker buys £1700 stock, brokerage bong at £- p^ coit ; 

what does he receive ^—Annoer^ £2.2.6. 

• OommiMfcm is what h allowed by one merdiuit to another far boyiBg or seD- 
tng goods far him, and ia osnaHy a per-oentage on the whole sum e mp toyed. Broker- 
aga ia an allowanee afanHar to commiaakm, under a diHtoent name, laindpally used 
la the buying and aeUing of atoek in the ftinda. 

Inturanee is a per>«eataffe paid to thoee who engine to maka good to the payett 
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2 

A ship whose value is £15^23 is insured at 19- per cent; what 

3 12 
does the insurance amount to ? — Anstoer, ^^3033 .3.9 — . 

247. In reckoning how much a bankrupt is able to pay his creditors, 

as also to how much a tax or rate amounts, it is usual to find how many 

shillings in the pound is paid. Thus, if a person who owes £100 can 

only pay £50, he is said to pay 10s, in the pound. The rule is easily 

derived from the same reasoning as in (246). For example, £50 out 

of £82 is £5- out of £1, or ^— — shillings, or i2#. 2 — - in the 
82 o2 4 4^ 

pound. 

248. Interest is money paid for the use of other money, and is 
always a per-centage upon the sum lent. It may be paid either yearly, 
half-yearly, or quarterly ; but when it is said that jSioo is lent at 4 
per cent, it must be understood to mean 4 per cent per annum ; that is, 
that 4 pounds are paid every year for the use of £100 

The sum lent is called the principal, and the interest upon it is of 
two kinds. If the borrower pay the interest as soon as, from the agree- 
ment, it becomes due, it is evident that he has to pay the same sum 
every year ; and that the whole of the interest which he has to pay in 
any number of years is one year^ interest multiplied by the number of 
years. But if he do not pay the interest at once, but keeps it in his 
hands until he returns the principal, he will then have more of his 
creditor's money in his hands every year, and (if it were so agreed) 
will have to pay interest upon each year's interest for the time during 
which he keeps it after it becomes due. In the first case, the interest 
is called simple^ and in the second compound. The interest and principal 
together are called the amount. 

24£. What is the simple interest of £1049 . 16 . 6 for 6 years and 
one-third, at 4- per cent ? This interest must be 6- times the interest 

any loss they may sustain by accidents f^om fiie, or storms, according to the agree- 
ment, up to a certain amount which is named, and is a per-centage upon th jf amount. 
Tare, tret, and cloff, are allowances made in selling goods by wholesale, for the weight 
of the boxes or barrels which contain them, waste. See. ; and are usually either the 
price of a cer;ain number of pounds of the goods for each box or barrel, or a certain 
Allowance on each cwt. 
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of tiie same sum for one jear, which (245) is found bj multiplying the 
sum hy 4-9 and dividing bj zcx>. The process is as follows : 

(230) 



(«) 


£1049 . 16 . 6 


0x4 

X 

ax- 

2 


4199 .6.0 
5H . x8 . 3 



(82) 



(228) 



6x6 



6xi 



100)47,24 • 4 . 3(£47 . 4 . 10 

lOO 

20 

4*84* 
12 



10,1 If 



II 



(6) £4.7 .4.10 Int for one yr. 



66 
283. 9. o— - 

100 



15 . 14. XI 



100 



9 I 

£299 .4.0 -^ Int. for 6- yrs. 
100 J 



EXERCISES. 

What is the interest of £10$ . 6 . 2 fbr 19 years and 7 weeks at 3 
per cent P Antwerp iS6o . 9, very nearly. 

What Is the difference between the interest of £50 . 19 for 7 years 
at 3 per cent, and fbr 8 years at a~ per cent ? Antwerp lot. z-d. 

What Is the interest of £157 . 17 • 6 fbr one year at 5 per cent ? 

Answer^ £7 . 17 . 10-. 

2 

Shew that the interest of any siun for 9 years at 4 per cent is the 
same as that of the same sum for 4 years at 9 per cent ? 

250. In order to find the interest of any sum at compound interest, 
it is necessary to find the amount of the principal and interest at the 
end of every year ; because in this case (248) it is the amount of both 

* Here the 4«. from the dividend ia taken in. 
t Here the Sd. from the dividend is taken in. 
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rrincipal and interest at the end of the first year, upon which interest 
accumulates during the second year. Suppose, for example, it is re- 
quired to find the interest, for 3 years, on jgioo, at 5 per cent, compound 
interest. The following is the process : 

£100 First principal. 
5 First year's interest. 
105 Amount at the end of the first year. 
(249) 5 . 5 Interest for the second year on £105. 
1 10 . 5 Amount at the end of two years. 

5 . 10 . 3 Interest due for the third year. 
115 • 15 • 3 Amount at the end of three years. 
100 . 0.0 First principal. 
15 • 15 • 3 Interest gained in the three years. 

When the number of years is great, and the sum considerable, this 
process is veiy troublesome ; on which account tables* are constructed 
to shew the amount of one pound, for difierent numbers of years, at 
different rates of interest. To make use of these tables in the present 
example, look into the column headed *' 5 per cent ;** and opposite to 
the number 3, in the column headed ''Number of years,** is found 
1*157625 ; meaning that £1 will become £ 1*157625 in 3 years. Now, 
€100 must become icx> times as great; and 1*157625x100 is 115*7625 
(141) ; but (221) £*i6i$ is i5«. %d. ; therefore the whole amount of 
£100 is £115 . 15 . 3, as before. 

251. Suppose that a smn of money has lain at simple interest 4 
years, at 5 per cent, and has, with its interest, amounted to £350 ; it is 
required to find what the sum was at first. Whatever the sum was, if 
we suppose it divided into 100 parts, 5 of those parts were added every 
year for 4 years, as interest ; that is, 20 of those parts have been added 
to the first sum to make £350. If, therefore, £350 be divided into 
120 parts, 100 of those parts are the principal which we want to find, 

* Sufflcient tables for all common purposes are contained in the article on Interest 
in the Penny Cyclopaedia; and ample ones in the Treatise on Annuities and R» 
versions, in the Library of Useftil Knowledge. 
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and oo parts are interest upon it ; that is, the principal is jg^^^^'^ 
or £291 . 13 . 4- 

252. Suppose thai A was engaged to pay B £350 at the end of four 
rears from this time, and that it is agreed between them that the debt 
shall be paid immediately ; suppose, also, that money can be employed 
at 5 per cent, simple interest ; it is plain that A ought not to pay the 
whole sum, £350, because, if he did, he would lose 4 years^ interest of 
the money, and B would gain it It is fiur, therefore, that he should 
only pay to B as much as will, urith bUerest, amount in four yean to 
£350, that is (251), £291 .13.4. Therefore, £58 .6.8 must be struck 
oft the debt in consideration of its bang paid before the time. This is 
called DtscocNT;* and £291 . 13 . 4 is called thepresm/ va/M« of £350 
due four years hence, discount being at 5 per cent The rule for finding 
the present ralue of a sum of money (251) is : Multiply the sum bj 
100, and divide the product by 100 increased by the product of the 
rate per cent and number of years. If the time that the debt has yet 
to run be expressed in years and months, or months only, the months 
must be reduced to the equivalent fraction of a year. 



What B the dncoont on a bill of £138 • 14 • 4* doe 2 yean henee, 
discooiit bemg at 4- p«- cent ? AmamtTy £11 .9.1. 



What B the present value «f £1031 • 17, doe 6 months 
iuteiest being at 3 per cent ? ^asawr, £ici6 . ia« 



23X If we mnhiplT by a^ or by o-iw when we shoold malt^ly 
by «^ the result is wrong by the fiactioB — ^, or ^« of itsdf : 



too great in Uie fii9k case, and too couui in ^btt aecosid. Agvn.if 



by tf^ where we diocld ha>t« divided by «, the iconlt is too 
anall bv die ftnctsan - of itself; vhije, if we divide by 



of n« die femh is too grent by ^e sasne frnctSon of ita^ Thns, if 



diiidchy 2c iniiond of 1% the i«a«::t is -^ of inelf too amall ; ad if 
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we divide by 360 instead of 365, the result is too great by -|-, or — • 

365 73 
of itself. 

If, then, we wish to find the interest of a sum of money for a portion 

of a year, and have not the assistance of tables, it will be found con- 

venient to suppose the year to contain only 360 days, in which case its 

73d part {the jzd part will generally do) must be subtracted from the 

result, to make the alteration of 360 into 365. The number 360 has so 

large a number of divisors, that the rule of Practice (230) may always 

be readily applied. Thus, it is required to find the portion which 

belongs to 274 days, the yearly interest being £18.9. zo, or 18*491. 

274 18*491 



180 is - of 360 
2 


9-246 


94 




90 is - of z8o 
2 


4-613 


4i8^of36o 
90 


•205 




9)14-074 




8)1-564 



•196 
13-878 = £13 . 17 . 7 Answer, 

But if the nearest farthing be wanted, the best way is to take 

2-tenths of the number of days as a multiplier, and 73 as a divi or; 

2 
since m+365 is 2«n+73o, or — >n^73. Thus, in the preceding instance, 

we multiply by 54*8 and divide by 73 ; and 54*8x18-491 » Z013-3068, 

which divided by 73 gives 13*881, very nearly agreeing with the former, 

and giving £13 . 17 . 7-, which is certafaily within a &rthing of the 

ft 

truth. 

254. Suppose it required to divide £100 among three persons in 
fuch a way that their shares may be as 6, 5, and 9 ; that is, so that 
for every £6 which the first has, the second may have £5, and the 
third £9. It is plain that if we divide the £100 into 6+5+9, o^ ^^ 
parts, the first must have 6 of those parts, the second 5, and the third 9. 

Therefore (246) their shares are respectively, £ , £ ^, and 

100x0 *° *^ 

£ -i or £30, €25, and £45. 

20 
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EXERCISES. 

Divide iS394 . 12 among four persons, so that their shares maj be 

as I, 6, 7, and 18. — AruweTi £12 ,6.7-; £73 . 19 . 9 ; £86 . 6 . 4;-; 

2 2 

£221 . 19 . 3. 

Divide £20 among 6 persons, so that the share of each maj be ae 
much as those of all who come before put together. — Answer^ The first 
two have 12s, 6d. ; the third £1.5; the fourth £2 . 10 ; the fifth £5 ; 
and the sixth £10. 

255. When two or more persons employ their money together, and 

gain or lose a certain sum, it is evidently not fair that the gain or loos 

should he equally divided among them all, unless each contributed the 

same sum. Suppose, for example, A contributes twice as much as B, 

and they gain £15, A ought to gain twice as much as B ; that is, if the 

whole gain be divided into 3 parts, A ought to have two of them and 

B one, or A should gain £10 and B £5. Suppose that A, B, and C 

engage in an adventure, in which A embarks £250, B £130, and C 

£45. They gain £1000. How much of it ought each to have? Each 

one ought to gain as much for £1 as the others. Now, since there are 

250+130+45, or 425 pounds embarked, which gain £1000, for each 

pound there is a gam of £ , Therefore A should gam =— 

4^5 4*5 

1000x130 1000x45 

pounds, B should gain pounds, and C pounds. On 

425 425 

these principles, by the process in (245), the following questions may be 
answered. 

A ship is to be insured, in which A has ventured £1928, and B 
£4963. The expense of insurance is £474 . 10 . 2. How much ought 

each to pay of it ? Answer, A must pay £132 . 15 . a-. 

2 

A loss of £149 is to be made good by three persons. A, B, and C. 
Had there been a gain, A would have gained 4 times as much as B, 
and C as much as A and B together. How much of the loss must each 
bear? Answer, A pays £59 . 12, B £14 . 18, and C £74 . 10. 

256. It may happen that several individuals employ several sums of 
money together for different times. In such a case, unless there be a 
special agreement to the contrary, it is ri((ht that the more time a sam 
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is employed, the more profit should be made upon it. If^ for example, 
A and B employ the same sum for the same purpose, but A''s money is 
employed twice as long as B's, A ought to gain twice as much as B. 
The principle is, that one pound employed for one month, or one year, 
ought to give the same return to each. Suppose, for example, that A 
employs £3 for 6 months, B £4. for 7 months, and C £12 for 2 months, 
and the gain is £100; how much ought each to have of it? Now, 
since A employs £3 for six months, he must gain 6 times as much as if 
he employed it one month only ; that is, as much as if he employed 
iS6x3, or £iZ^ for one month; also, B gains as much as if he had 
employed £^7 for one month; and C as if he had employed £12x2 
for one month. If, then, we divide iSioo into 6x3'4'4x7'fi2X2, or 70 
parts, A must have 6x3, or 18, B must have 4x7, or 28, and C 
Z2X2, or 24 of those parts. The shares of the three are, therefore. 

6x3x100 4x7x100 I2X2XIOO 

£ £^ t «& ^ , and £• 



6x3'|'4X7+i2x2 6x3'l'4x7'|'i2x2' 6x3'|'4x7'l'i2x2* 

EX£RCIS£S. 

A, B, and C embark in an undertaking; A placing £3 . 6 for 

2 years, B £100 for i. year, and C £12. for i~ years. They gain 

2 

£4276 . 7 How much must each receive of the gain ? 

Antwerp A £226 . 10 . 4 ; B £3432 .1.3; C £617 .15.5. 

A, B, and C rent a house together for 2 years, at iSiSo per annimi. 

A remains in it the whole time, B 16 months, and C 4- months, during 

2 

the occupancy of B. How much must each pay of the rent ?* 

Answer^ A should pay JS190 . 12 . 6 ; B £90 . 12 . 6 ; C £18 . 15. 
257. These are the principal rules employed in the application of 
arithmetic to commerce. There are others, which, as no one who under- 
stands the principles here laid down can fail to see, are virtually con- 
tained in those which have been given. Such is what is commonly 
called the Bule of Exchange, for such questions as the following : If 

* This question does not at first appear to fall under the rule. A little thought 
will serve to shew that what probably will be the first Idea ci the proper method d 
solution Is erroneous. 
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20 shillings be worth 25- francs, in France, what is £160 worth ? This 

2 

may eiridentlj be done by the Rule of Three. The rules here given 
are those which are most useful in common life ; and the student who 
understands them need not fear that any ordinary question will be above 
his reach. But no student must imagine that from this or any other 
book of arithmetic he will learn precisely the modes of operation which 
are best adapted to the wants of the particular kind of business in which 
his future b'fe may be passed. There is no such thing as a set of rules 
which are at once most convenient for a butcher and a banker^ clerk, 
a grocer and an actuary, a farmer and a bill-broker ; but a person with 
a good knowledge of the principles laid down in this work, will -be able 
to (.xamine and meet his own future wants, or, at worst, to catch with 
readiness the manner in which those who have gone before him have 
done so for themselves. 



APPEISDIX 



TO THE 

FIFTH EDITION 

OF 

Dfi MORGAN'S ELEMENTS OF ARITHMETIC. 



I. ON THE MODE OF CGMPUTINQ. 

The roles in the preceding work are given in the usual form, and the 
examples are worked in the usual manner. But if the student really 
wish to become a ready computer, he should strictly follow the methods 
laid down in this Appendix ; and he may depend upon it that he will 
thereby save himself trouble in the end, as well as acquire habits of 
quick and accurate calculation. 

I. In numeration learn to connect each primary decimal number, 
lo, IOC, looo, &c. not with the place in which the unit falls, but with 
the nuihber of ciphers following. Call ten a one-cipher number, a 
hundred a two-dpher number, a million a sup-cipher number, and so 
on. If jive figures be cut off from a number, those that are left are 
hundred-thousands ; for 100,000 is a ^v^-cipher number. Learn to 
connect tens, hundreds, thousands, tens of thousands, hundreds of thou* 
sands, millions, &c. with i, 2, 3, 4, 5, 6, &c. in the mind. What is a 
seventeen-cipher number ? For every 6 in seventeen say «nt//t<m, for the 
remaining 5 say hundred-thousand: the answer is a hundred thousand 
millions of millions. If twelve places be cut off from the right of a 
number, what does the remaining number stand for? — Answer^ As many 
millions of millions as there are units in it when standing by itself. 

II. After learning to count forwards and backwards with rapidity, 
ah in I, 2, 3, 4, &c. or 30, 29, 28, 27, &c., learn to count forwards or 
backwards by twos, threes, &c. up to nines at least, beginning from 
any number. Thus, beginning from four and proceeding by sevens, we 
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have 4, II, i8, 25, 32, &c., along which series 70a must learn to go as 
easily as along the series i, 2, 3, 4, &c. ; that is, as quick as jou can 
pronounce the words. The act of addition must be made in the mind 
without assistance : you must not permit yourself to say, 4 and 7 are 

11, II and 7 are 18, &c.; but only 4, 11, 18, &c. And it would be 
desirable, though not so necessary, that you should go back as readily 
as forward ; by sevens for instance, from sixty, as in 60, 53, 46, 39, Slc, 

III. Seeing a number and another both of one figure, learn to catch 
Instantly the number you must add to the smaller to get the greater. 
Seeing 3 and 8, learn by practice to think of 5 without the necessity 
of saying 3 from 8 and there remains 5. And if the second number be 
the less, as 8 and 3, learn also by practice how to pass up from 8 to 
the next number which ends with 3 (or 13), and to catch the necessary 
augmentation, five^ without the necessity of formally undertaking in 
words to subtract 8 from 13. Take rows of numbers, such as 

4260501864 

and practise this rule upon every figure and the next, not permitting 
yourself in this simple case ever to name the higher one. Thus, say 4 
and 8 (4 first, 2 second, 4 from the next number that ends with a, or 

12, leaves 8), 2 and 4, 6 and 4, o and 5, 5 and 5, o and i, i and 7, 
8 and 8, 6 and 8. 

IV. Study the same exercise as the last one with two figures and one. 
Thus, seeing 27 and 6, pass from 27 up to the next number that ends 
with 6 (or 36), catch the 9 through which you have to pass, and allow 
yourself to repeat as much as *' 27 and 9 are 3 6." Thus, the row of figures 
17729638 109 will give the following practice: 17 and o are 17 ; 77 and 
5 are 82 ; 72 and 7 are 79 ; 29 and 7 are 36 ; 96 and 7 are 103 ; 63 and 
5 are 68 ; 38 and 3 are 41 ; 81 and 9 are 90 ; 10 and 9 are 19. 

V. In a number of two figures, practise writing down the units at 
the moment that you are keeping the attention fixed upon the tens. 
In the preceding exercise, for instance, write down the results, repeating 
the tens with emphasis at the instant of writing down the units. 

VI. Learn the multiplication-table so well as to name the product 
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the instant the fiicton are seen ; that is, until 8 and 7, or 7 and 8, suggest 
56 at once, without the necessity of saying ** 7 times 8 are 56/* Thus 
looking along a row of numbers, as 39706548, learn to name the pro- 
ducts of every successive pair of digits as fast as you can repeat them, 
namely, 27, 63, o, o, 30, ao, 3a. 

VII. Having thoroughly mastered the last exercise, learn further, on 
seeing three nmnbers, to augment the product of the first and second 
by the third without any repetition of words. Practise until 3, 8, 4, 
for instance, suggest 3 times 8 and 4, or 28, without the necessity of 
saying '^ 3 times 8 are 24, and 4 is 28." x Thus, Z792 36408 will suggest 
the following practice, 16, 65, 2t, 12, 22, 24, 8. 

VIII. Now, carry the last still further, as follows : Seeing four figures, 
as 2, 7, 6, 9, catch up the product of the first and second, increased 
by the third, as in the last, without a helping word ; name the result, 
and add the next figure, name the whole result, laying emphasis upon 
the tens. Thus, 2, 7, 6, 9, must immediately suggest '' 20 and 9 are 
29." The row of figures 773698974 will give the instances 52 and 

6 are 58 ; 27 and 9 are 36 ; 27 and 8 are 35 ; 62 and 9 are 71 ; 81 and 

7 are 88 ; 79 and 4 are 33. 

IX. Having four numbers, as 2, 4, 7, 9, vary the last exercise as fol- 
lows : Catch the product of the first and second, increased by the third ; 
but instead of adding the fourth, go up to the next number that ends 
with the fourth, as in exercise IV. Thus, 2, 4, 7, 9, are to suggest ^15 
and 4 are 19." And the row of figures 1723968929 will afford the in- 
stances 9 and 4 are 13 ; 17 and 2 are 19 ; 15 and z are 16 ; 33 and 5 
are 38 ; 62 and 7 are 69 ; 57 and 5 are 62 ; 74 and 5 are 79. 

X. Learn to find rapidly the niunber of times a digit is contained 
in given units and tens, with the remainder. Thus, seeing 8 and 53, 
arrive at and repeat ''6 and 5 over." Common short division is the 
best practice. Thus, in dividing 236410792 by 7, 

7) 236410792 

33772970, remainder 2. 

All that is repeated should be 3 and 2 ; 3 and 5 ; 7 and 5 ; 7 and 2 ; 
2 and 6 ; 9 and 4 ; 7 and o *, o and 2. 
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In perfbnning the leveral rules, proceed u follows : 

Addition. Not one word more than repeating the numbers wriUea 
in the following process: the accented figure is the one to be wiittea 
down ; the doubly accented figure is carried (and don*t Bay ** cany 3,** 
but do it). 

47963 6, 15, 17, 23, 31, 3^4' ; II, 12, 21, 22, 31, 3V ; 9, 

'598 17, 2,^ 27, 32, 4"i'; 10, 14, 20, 21, 2"8'; 7, 9, lY. 

26316 
. . In verifying additions, instead of the usual way of 

819 omitting one line, adding without it, and then adding 

6686 

the line omitted, verify each column by adding it both 



1 3 8 1 74 upwards and downwards. 

SuBTBACTiON. The following process is enough. The carriages, being 
always of otm, need not be mentioned. 

From 79436258190 8 and 2', 4 and 5^, 7 and 4', 3 and 5^, 6 and 

Take 58645962738 ^'^ jq and 2', 6 and o', 4 and 9', 7 and /, 

20790295452 ^ and o', 5 and 2'. It is useless to stop and 

my, 8 and 2 make 10; for as soon as the 2 is obtained, there is no 

occasion to remember what it came from. 

Multiplication. The following, put into words, is all that need be 

repeated in the multiplying part ; the addition is then done as usiud 

The unaccented figures are carried. 

670383 
9876 



4022298 


18', 49', 22', »', 42', 4V, 


4692681 


21^, 58', 26', 2', 49', 4'6', 


5363064 


H', 66', 30', 3'. 56', ^%% 


6033447 


27', 7f'. y\\ Z\ 63', 6V. 



6620702508 

Verify each line of the multiplication and the final result by 
oat the nines. {Appendix II. p. 166.) 

It would be almost as easy, for a person who has well practised the 
8th exencise, to add each line to the one before in the prooesi^ thus : 
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.670383 

9876 

4022298 8 ; 21 and 9 are 30'; 59 and 2 

50949108 ape 61'; 27 and 2 are 29 ; x 

5^7^555^^ &nd 2 are 4' ; 49 and o are 49'; 

6620702508 46 and 4 are 5'o'. 

On the right is all the process of forming the second line, which 
completes the multiplication by 76, as the third line completes that by 
876, and the fourth line that by 9876. 

Division. Make each multiplication and the following subtraction 
in one step, by help of the process in the 9th exercise, as follows: 

*7693)44i97a8o9662(i595973o 
165042 . 
265778 
165410 
269459 

202226 

83756 
6772 

The number of words by which 26577 is obtained from 165402 (the 
midiiplier being 5) is as follows : 15 and ^* are 2^2 ; 47 and / are 5^41 
35 and 5' are 4^0 ; 39 and 6' are 4^5 ; 14 and 2' are 16. 

The processes for extracting the square root, and for the solution 
of equations (Appendw XI.), should be abbreviated in the same manner 
as the division.* 

• The tencher will find toxtbst lemaxks on this sutijeet in the CoMfianloii to tht 

Almanac for 1844, and in Uie Supjplemmt to the Penny Cyclopcedia, article Computation, 
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APPENDIX II. 

on TERIFICATIOIf BY CASTING OUT NINES AND BLEYBMS. 

The process o£ casting out the nines, as it is called, is one which the 
young computer should learn and practise, as a check upon his com- 
putations. It is not a complete check, since if one figure were made 
too small, and another as much too great, it would not detect this double 
error ; but as it is very unlikely that such a double error should take 
place^ the check furnishes a strong presumption of accuracy. 

The proposition upon which this method depends is the following : 
If a, 6, c, J be four numbers, such that 

a — bc+dy 
and if m be any other number whatsoever, and if a, b, o, d, severally 
divided by «n, give the remainders p, q, r, «, then 

p and qr-\-9 
give the same remainder when divided by m (and perhaps aie themselves 
equal). 

For instance, 334 » 17x19+11 ; 

divide these four numbers by 7, the remainders are 5, 3, 5, and 4. And 

5 and 5x3+4, or 5 and 19, both leave the remainder 5 when divided by 7. 

Any number, therefore, being used as a divisor, may be made a check 
upon the correctness of an operation. To provide a check which may 
be most fit for use, we must take a divisor the remainder to which is most 
easily found. The most convenient divisors are 3, 9, and 11, of whidi 
9 is far the most usefuL 

As to the numbers 3 and 9, the remainder is always the same as that of 

tbe sum of the digits. For instance, required the remainder of 246120377 

divided by 9. The sum of the digits is 2+4+6+1+2+0+3+7+7, or 32, 

, which gives the remainder 5. But the easiest way of proceeding is by 

throwing out nines as fiist as they arise in the sum. Thus, repeat 2, 

6 (2+4), 12 (6+6), say 3 (throwing out 9), 4, 6, 9 (throw this away), 7, 
14, (or throwing out the 9) 5. This is the remainder required, as would 
appear by dividing 246120377 by 9. A proof may be given thus : It 
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IB obvious that each of the numbers, i, lo, loo, looo, &c. divided by 9, 
leaves a remainder i, since they are i, 9+1, 99+1, &c. Consequently, 
2, 20, 200, &c. leave the remainder 2 ; 3, 30, 300, the remainder 3 ; 
and so on. If, then, we divide, say 1764 by 9 in parcels, 1000 Tvill be 
one more than an exact number of nines, 700 will be seven more, and 
60 will be six more. So, then, from i, 7, 6, 4, put together, and the 
nines taken out, comes the only remainder which can come from 1764. 

To apply this process to a multiplication : It is asserted, in page 82, 
that 10004569x3163 as 31644451747. 

In casting out the nines from the first, all that is necessary to repeat 
is, one, five, ten, one, seven; in the second, three, four, ten, one, /our; 
in the third, three, four, ten, one, five, nine, four, m*ne, eight, twelve, 
three, ten, one. The remainders then are, 7, 4, i. Now, 7x4 is 28, 
which, casting out the nines, gives i, the same as the product. 

Again, in page 43, it is usscrted that 

23796484 = 130000x183+6484. 
Cast out the nines from 13000, 183, 6484, and we have 4, 3, and 4. 
Now, 4x3+4, with the nines cast out, gives 7 ; and so does 23796484. 

To avoid having to remember the result of one side of the equation, 
or to write it down, in order to confront it with the result of the other 
side, proceed as follows : Having got the remainder of the more com- 
plicated side, into which two or more numbers enter, subtract it from 
9, and carry the remainder into the simple side, in which there is only 
one number. Then the remainder of that side ought to be o. Thus, 
having got 7 from the left hand of the preceding, take 2, the rest of 
9, forget 7, and carry in 2 as a beginning to the left-hand side, giving 

*, 4> 7, i4» 5i "» a» 6» 14, 5» 9> o- 

Practice will enable the student to cast out nines with great rapidity. 

This process of casting out the nines does not detect any errors in 
which the remainder to 9 happens to be correct. If a process be 
tedious, and some additional check be desirable, the method of casting 
out elevens may be followed after that of casting out the nines. Ob- 
serve that lo+i, 100— I, looo+i, 10000— I, &c. are all divisible by 
eleven. From this the following rule for the remainder of division by 
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II may be deduced, and readily used by those who knov the algebraical 
process of subtraction. For those who have not got so far, it may be 
doubted whether the rule can be made easier than the actual division 
by II. 

Subtract the first figure from the second, the result from the third, 
the result from the fourth, and so on. The final result, or the rest of 
II if the figure be negative, is the remainder required. Thus, to divide 
164.2915 by II, and find the remainder, we have i from 6, 5 ; 5 from 
4, — I ; — I from 2, 3 ; 3 from 9, 6 ; 6 from i, —5 ; —5 from 5, 10; and 10 
is the remainder. But 164 gives— i, and 10 is the remainder; 1 64291 
gives— 5, and 6 is the remainder. With very little practice these re- 
mainders may be read as rapidly as the number itself. Thus, for 
1 276 1 98 3 3424 need only-be repeated, i, 6, o, i, 8, o, 3, o, 4, —2, 6, and 
6 is the remainder. 

When a question has been tried both by nines and elevens, there 
can be no error unless it be one which makes the result wrong by a num- 
ber of times 99 exactly. 



APPENDIX III. 

ON SCALES OF NOTATION. 

We are so well accustomed to 10, 100, &c., as standing for ten, ten 
tens, &c., that we lire not apt to remember that there is no reason why 
10 might not stand for five, 100 for five fives, &c., or for twelve, twelve 
twelves, &c. Because we invent different columns of numbers, and let 
units in the different columns stand for collections of the units in the 
preceding columns, we are not therefore bound to allow of no collections 
except in tens. 

If 10 stood for 2, that is, if every column had its unit double of the 
unit in the column on the right, what we now represent by 1, 2, 3, 4, 
5, 6, &c„ would be represented by i, 10, 11, 100, loi, no, in, 1000, 
100 1, loio, ion. iioo, &c. This is the binary scale. If we take the 
ternary scale, in which 10 stands for 3, we have i, 2, 10, n, 12, 20, 
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21^ 22, too, loi, 102, no, &c. In the quinarif scale, in which lo is 
five, 234 stands for 2 twenty-fives, 3 fives, and 4, or sixty-nine. If we 
take the duodenary scale, in which 10 is twelve, we must invent new 
symbols for ten and eleven, because 10 and 11 now stand for twelve and 
thirteen ; use the letters t and e. Then 176 means i twelve-twelves, 
7 twelves, and 6, or two hundred and thirty-four ; and lie means two 
hundred and seventy-five. 

The number which 10 stands for is called the radu; of the scale 
qf notation. To change a number from one scale into another, divide 
the number, written as in the first scale, by the number which is to 
be the radix of the new scale; repeat this division again and again, 
and the remainders are the digits required. For example, what, in 
the quinary scale, is that number which, in the decimal scale, is 
17036 P 

5)17036 



5)3407 


Rem', 


. 1 


Anstper . . 


102 I 121 




5)681 

5)136 




2 
I 


Verification, 


Quinary. 

1 000000 means 

20000 


Decimal 
15625 

1250 


5)»7 
5)5 




A 

2 




1000 

100 

20 


125 

as 
10 


5)1 






I 




I 


I 





1021121 


17036 



The reason of this rule is easy. Our process of division is nothing 
but telling off 17036 into 3407 fives and i over; we then find 3407 
fives to be 681 fives of fives and 2 fives over. Next we form 681 fives 
of fives into 136 fives of fives of fives and i five of fives over; and so on. 

It is a useful exercise to multiply and divide numbers represented 
in other scales of notation than the common or decimal one. The 
rules are in all respects the same for all systems, the number carried 
being always the radix of the system. Thus, in the quinary system we 
carry fives instead of tens. I now give an example of multiplication 
and division : 



170 
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Quinai/ 


Dedmai. 


42143 


means 2798 


1234 


194 


324232 
232034 

134341 


11192 
25182 
2798 


4*143 




I 143 32222 


542812 


Duodecimal. 


Decimal. 


4/9)76/4^8(16687 
4/9 


705)22610744(32071 
1460 


2814 
2546 


5074 
1394 


%Ste 
2546 


689 


3650 
3320 




3308 
2/33 





495 

Another way of turning a number from one scale into another is as 
follows : Multiply the first digit by the old radix in the new seale^ and 
add the next digit ; multiply the result again by the old radix in the 
new scale, and take in the next digit, and so on to the end, always 
using the radix of the scale you want to leave, and the notation of the 
scale you want to end in. 

Thus, suppose it required to turn 16687 (duodecimal) into the 
decimal scale, and 1643a (septenary) into the quatemaiy scale : 



16687 
Duodecimals into Decimals. 
IX 12+6 K 18 

XI2+6 

222 
X12+8 

«672 
X12+7 



An^tcrr . . • • 32071 



16432 
Septenaries into Quaternaries. 
1x7+6 « 31 

X7+4 



"33 
X7+3 



22130 

X7+2 



I02I0I2 



ON THE DEFINITION OF FBACTI0N6. 171 

Owing to our division of a foot into X2 equal parts, the duodecimal 

scale often becomes very convenient Let the square foot be also divided 

into 12 parts, each part is 12 square inches, and the 12th of the 12th 

is one square inch. Suppose, now, that the two sides of an oblong 

piece of ground are 176 feet 9 inches 7-i2ths of an inch, and 65 feet 

II inches 5-i2ths of an inch. Using the duodecimal scale, and duo- 

decmal fraotioiUy these numbers are 128*97 and SS'^S* "^hcir product, 

the number of square feet required, is thus found : 

128*97 Anttwer^ 68^8'i44« (duod.) square feet, or 

55*^5 1 1 660 square feet 16 square inches — and 

^12 144 



617^^ of a square inch. 

116095 It would, however, be exact enough to allow 

617^* 2-hundr«dths of a foot for every quarter of an 

"'7^^ inch, an additional hundredth for ©very 3 

68^8144^ inches,* and i-hundredth more if there be a 

7 
12th or 2-i2ths above the quarter of an inch. Thus, 9 — inches 

should be *76+*o3+*oi, or '80, and 11— would be '95 ; and the preceding 

12 

might then be found decimally as I76'8x65'95 as 11659*96 square feet, 
near enough for every practical purpose. 



APPENDIX IV. 

ON THE DEFINITIOlf OF FIUCTfONB. 

The definition of a fraction given in the text shews that -, for 

9 
instance, is the ninth part of ieven^ which is shewn to be the same 

thing as Meven-nintha of a unit But there are various modes of speech 

under which a fraction may be signified, all of which are more or less 

in use. 

1. In - we have the 9th part of 7. 

2. 7-9ths of a unit 

8. The fraction which 7 is of 9. 

* And St discretion one hundredth more for a Urge ftactioQ. of thiM ^sfibA% 
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4. The times and parts of a time (in this case |;Mirt of a time only") 
which 7 contains 9. 

5. The multiplier which turns nines into sevetu, 

6. The ratio of 7 to 9, or the proportion of 7 to 9. 

7. The multiplier which alters a number in the ratio of 9 to 7. 

8. The 4th proportional to 9, i, and 7. 

The first two views are in the text. The third is deduced thus: 

If we divide 9 into 9 equal parts, each is i, and 7 of the parts are 7 ; 

7 
consequently the fhiction which 7 is of 9 is -. The fourth view follows 

immediately : For a time is only a word used to express one of the 

repetitions which take place in multiplication, and we allow ourselves, 

by an easy extension of language, to speak of a portion of a number 

as being that number taken a part of a time. The fifth view is nothing 

7 

more than a change of words : A number reduced to - of its amount 

9 

has every 9 converted into a 7, and any fraction of a 9 which may 

remain over into the corresponding fraction of 7. This is completely 

7 . a . 

proved when we prove the equation - of a « 7 times -. The sixth, 

seventh, and eighth views are illustrated in the chapter on proportion. 

I \ When the student comes to algebra, he will find that, in all the 

, I applications of that science, fractions such as - most frequently require 

!■, that a and b should be themselves supposed to be fractions. It is, 

fj 

i;^ therefore, of importance that he should learn to accommodate his views 

of a fraction to this more complicated case. 

Suppose we take -4* We shall find that we have, in this case, a 

better idea of the views from and after the third inclusive, than of the 

first and second, which are certainly the moot simple ways of conceiving 

-. We have no notion of the ( 4- j th part of 2-, nor of 2- ^4- J ths of a 

unit ; indeed, we coin a new species of adjective when we talk of the 

( 4~ jth part of anything. But we can readily imagine that 2- is some 

fraction of 4- ; that the first is &)me part of a time the second ; that 

there must be some multiplier whicl\ turns every 4- in a number into 2- ; 

and so on. Let us now see whether we can invent a distinct mode of 

applying the first and second views to such a compound fraction as 

the above. 
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We can easily imagine a fourth part of a length, and a fifth part, 

meaning the lines of which 4 and 5 make up the length in question ; and 

there is alio in existence a length of which four lengths and two-fifths 

of a length make up the original length in question. For instance, we 

might say that 6, 6, 2 is a division of 14 into 2- equal parts — 2 equal 

3 
parts, 6, 6, and a third of a part, 2. So we might agree to say, that 

the (2-jth, or (2-Jrd, or (2-jst (the reader may coin the adjective 

as he pleases) part of 14 is 6. If we divide the line ▲ b into eleven 

equal parts in c, d, b, &c., we must then say that ▲ c is the nth part. 



I I I I I i I I i I 

ACDEFOH IKLMB 

A D the I 5- Ith, A E the ( 3-)th, a p the ( 2-Jth, a g the I 2- 1th, a h the 
f i|)th, Ai the r i-)th, AK the ( i|/h, al the (i- )th, am the(i— )th, 

and AB itself the ist part of ab. The reader may refuse the language 
if he likes (though it is not so much in defiance of etymology as talking 

of multiplying by -) ; but when a b is called i, he must either call 

I * 

A F — -, or make one definition of one class of fractions and another of 

another. Whatever abbreviations they may choose, all persons will 

agree that t is & direction to find such a fraction as, repeated b times, 

will give I, and then to take that fraction a times. 

So, to get — , the simplest way is to divide the whole unit into 46 

parts ; 10 of these parts, repeated 4- times, give the whole. The 

Illllllll|lllllllll|lllllllll|lllllllll|lllll u 

A _I Ji ^ A ± if 

4* 4i 4l 4i 4t 

(4- |th is then — r, and 2- such parts is -7, or a c. The student should 
5/ 46 2 '^ 46 

try several examples of this mode of interpreting complex fractions. 

But what are we to say when the denominator itself is less than 
unity, as in ^ P Are we to have a (~ l^h part of a unit P and what 
is it P Had there been a 5 in the denominator, we should have taken 
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the part of which 5 will make a unit. As there is - in the denominator, 

we must take the part of which - will be a unit. That part is larger 

I I 5 2 

than a unit : it is 2- units : 2- is that of which ~ is i. The above 

* » I 1 5 

fraction then directs us to repeat 2-- units 3- times. By extending our 

* 4 

word ' multiplication' to the taking of a part of a time, all multiplica- 
tions are also divisions, and all divisions multiplications, and all the 
terms connected with either are subject to be applied to the results of 
the other. 

If 2- yards cost 3- shillings, how much does one yard cort ? In 
3 * 

such a case as this, the student looks at a more simple question. If 

10 
5 yards cost 10 shillings, he sees that each yard costs — ^ or 2 Bhillingw, 

and, concluding that the same process will give the true result when 

the data are fractional, he forms ^, reduces it by rules to -^ or i-, and 

2^ * 2 

concludes that i yard costs 18 pence. The answer happens to be 
correct ; but he is not to suppose that this rule of copying for fractions 
whatever is seen to be true of integers is one which requires no demon- 
stration. In the above question we want money which, repeated %— 
times, shall give 3- shillings. If we divide the shillmg into 14 equal 

parts, 6 of these parts repeated 2- times give the shilling. To get 3— 

3 I a 

times as much by the same repetition, we must take 3- of these 6 parts 

21 I * 

at each step, or 21 parts. Hence, — , or i-, is the number of shillings 

14 2 

in the price. 
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ON CHABACTE&ISTXCS. 

When the student comes to use logarithms, he will find what follows 
very useful. In the mean while, I give it merely as furnishing a rapi.l 
rule for finding the place of a decimal point in the quotient before the 
division is commenced. 

When a bar is written over a number, thus, 7, let the number be 
called negative, and let it be thus used : Let it be augmented by addi- 
tions of its own species, and diminished by subtractions; thus, 7 and 
2 give 9, and let 7 with 2 subtracted give 5. But let the addition of a 
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uumber without the har diminish the negative number, and the tub- 
traction increase it. Thus, 7 and 4 are 3, 7 and 12 make 5, 7 with 8 
subtracted is 15. In fisust, consider i, 2, 3, &c., as if they were gains, 
and i, 2, 3, as if they were losses : let the addition of a gain or the re- 
moval of a loss be equivalent things, and also the removal of a gain and 
the addition of a loss. Thus, when we say that 4 diminished by 11 gives 
7, we say that a loss of 4 incurred at the moment when a loss of 11 is 
removed, is, on the whole, equivalent to a gain of 7 ; and saying that 4 
diminished by 2 is 6, we say that a loss of 4, accompanied by the removal 
of a gain of 2, is altogether a loss of 6. 

By the characteristic of a number understand as follows : When 
there are places before the decimal point, it is one less than the number 
of such places. Thus, 3*214, 1*0083, 8 (which is 8*00...) 9*9999 all have 
o for their characteristics. But 17*32, 48, 93*116, all have i; 126*03 
and 126 have 2; 11937264*666 has 7. But when there are no places 
before the decimal point, look at the first decimal place which is sig- 
nificant, and make the characteristic negative accordingly. Thus, *6i2, 
*i2i, '9004, in all of which significance begins in the first decimal place, 
have the characteristic i; but *oi8 and '099 have 2; '00017 has 4; 
•00000000 1 has 9. 

To find the characteristic of a quotient, subtract the characteristic 
of the divisor from that of the dividend, carrying one before subtraction 
if the first significant figures of the divisor are greater than those of the 
dividend. For instance, in dividing 146*08 by '00279. The character- 
istics are 2 and 3 ; and 2 with 3 removed would be 5. But on looking, 
we see that the first significant figures of the divisor, 27, taken by them- 
selves, and without reference to their local value, mean a larger number 
than 14, the first two figures of the dividend. Consequently, to 3 we 
carry i before subtracting, and it then becomes 2, which, taken from 2, 
gives 4. And this 4 is the characteristic of the quotient, so that the 
quotient has 5 places before the decimal point. Or, if abot^fhe the 
first figures of the quotient, the decimal point must be thus placed, 
ahcde'f. But if it had been to divide '00279 by i46'o8, no carriage 
would have been required ; and 3 diminished by 2 is 5 ; that is, the firsf- 
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ttgnificant figure o{ the quotient U in the 5th place. The quotient, then« 
has *oooo before any significant figure. A few applicationa of this mle 
will make it easy to do it in the head, and thus to assign the meaning 
of the first figure of the quotient even before it is found. 
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ON DECIMAL MONET. 



Of all the simplifications of commercial arithmetic, none is comparable 
to that of expressing shillings, pence, and fiirthings as decimals of a 
pound. The rules are thereby put almost upon as good a fboting as if 
the country possessed the advantage of a real decimal coinage. 

Any fraction of a pound sterling may be decimalised by rules which 
can be made to give the result at once. 

Two shillings is jl^'ioo 

One shilling is £'050 

Sixpence is ^^'025 

One farthing is jg'ooi 04- 

6 

Thus, every pair of shillings is a unit in the first decimal place ; an odd 
shilling is a 50 in the second and third places ; a &rthing is so nearly 
the thousandth part of a pound, that to say one farthing is *ooi, two &f- 
things is *oo2, &c., is so near the truth that it makes no error in the first 
tliree decimals till we arrive at sixpence, and then 24 fiurtbings is exactly 
'025 or 25 thousandths. But 25 farthings ia '026, 26 fiarthings is '027, 
^c Hence the rule for the^r«/ three places is 

OiM in the first for every pair <^ shiUinffs ; 50 tn M« second and third 
for the odd shittinp, if any ; and t for every fartMng additional^ with 
I ejttra for suri>ence. 
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M. 6rf. « ig'125 


08. 7^. » jg'03» 


M. 9^. • £-139 


2 


3#. 2^. « ^'iSi 
4 


I#. II-<;. =s £'096 

4 


13#. icAf. = £'694 



In the fourth and fifth places, and those which follow, it is obvious 
that we have no produce from any fiurthings except those above six- 
pence. For at every sixpence, '000047 is converted into *ooi, and this 



has been already accounted for. Consequently, to fill up ihe fourth and 

fifth places. 

Take ^for every farthing* above the last sixpenoet and an additiondl 

I for every six farthings^ or three ha^pence. 

The remaining places arise altogether from 'ooooo^ for every &rthing 

above the last three halfpence ; for at every three halfpence complete, 

•000002 is converted into 'ooooi, and has been already accounted for. 


Consequently, to fill up all tfte places qfter the fifths 

Let the number of farthings above the last three halfpence be a nur 
merator^ 6 a denominator^ and annex the figures qf tha corresponding 
decimal fraction. 
It may be easily remembered that 



The figures of Tare 166666... 
o 



• • • • 5 ••• 333333»»» 



• . • • ^•••5 



3 
6 



The figures of |aze 666666... 



. . . . T ••• •33333"» 



Of. 3-rf. • '01458 



o#. 7^. ■» •032129 



3333— **• ^<^« ■ '"5 



CO 



0000... 



x666... 2«. 9-rf. « '139 



58|3333.- 



* The student should remember all the multiples of 4 up to 4x25« ot IQQ. 



I* ii-^t — '096875 ij* i<4rf. ■> ■69J79 166S... 

The foUowing examples will shew the use of this rule. If tb« Mudeat 
will also work them in the common waj. 

To turn pounds, &c., into ferthinga : Hultiptr the pouadl b; 960, 
orb^ 1000— 40,01b}' 1000(1 — —) ; that iB,&om looo time* the pounds 
subtract 4 per cent ofllaelf. Thus, required the number of farthings in 
€1663 .11,9?^. 

1 663'; 90615 K 1000 * ititijj9o'ea5 
4 per cent of this, 66543'fixs 

No. of btthings required, 1597047 
What 19 47- per cent of £166 . 13 , 10 and '6148 of £1971 . 16 . 9F 



40 p. c. 
S p. c. 
llp.c. 



66-6764 

4-1673 



J* 



£1817 . 1 . 8j 

The inrOM rule for tainiag the decimal of a pont 
pSDce, and &rt]iiDgs, is obviousij w follows : 

J pair of MBingt fi>r nwry unit in lie Jlnl plant ; an edit 
for JO [tfllun As 50) in (Ac teeond and third placet; and a ) 
for every thoutandOt Ufl, after ehatiiiff 1 \f&a awalcr tf. 
Itfl taettd 14. 

The direct rule (with three places) giTS* too little, the 
too much, except at the end of a aiipeace, when both B 
Thus, £-iS} a atba \tm than js. &1, and 6t. 4^ ii lath^ grfU 
£*3 19 ; or whoi the two do not emctlj agree, the eammoK momey 
grtntetL Bot j£-il5 ud £-35 ut enctl; as. id. and 71. 
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I 3 

Required the price of lycwt 8ilb. 13-01. at £3 . 11 9- per cwt, 

true to the hundredth of a farthing. 

3-590625 
17 



61*040625 

lb. 56 - 1795313 
2 

16 - '512946 

7 I -224414 

2 - '064118 

oz. 8 - •016029 
4 

4 - '008015 
2 

I 

1 - '002004 



4 
I I 

2 2 



'00I002 



£63*664466 



£63 .13.3^ 



Three men, A, B, C, severally invest £191 . 11 . 7-, £61 . 14 . 8, 
I 4 1 

and £ 1 22 . I . 9- in an adventure which yields £511 . 12 . 6-. How 

% % 

ought the proceeds to be divided among them ? 





A, 191 


•63229 






B, 61 


73333 




, 


C, 122-08958 Produce of £1. 




375 


•45520)5 1 1*62708(1 
136 17188 


•362686 


i'362686 


1*362686 


^3 5353a 


i^362686 


92 236191 


33 33716 


1 00801 


85980221 


I 362686 


8 17612 


25710 
3183 


1 362686 


1 226417 


13627 


272537 


13627 


9538 


180 ' 


27254 


8176 


409 




1090 


409 


41 




122 


17 


4 




7 


3 


^4x231 




I 


I 


I 663607 



2 611346 
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261*1346 . . 


, . A^s share 


£261 . 2 . si 

4 


84*1231 . . 


1 • Jj 8 99 • • 


5 

. 84 . 2.5- 

4 


166*3697 . 


• \J 8 9) * • 


3 

. 166 . 7.4^ 
4 


511*6274 


jg?!! . 12 . 6^ 

4 



If ever the fraction of a farthing be wanted, remember that the 
eoinage-Tesdli is larger than the decimal of a pound, when wo use 
only three places. From 1000 times the decimal take 4 per cent, 
and we get the exact number of ferthings, and we need only look at 
the decimal then left to set the preceding right. Thus, in 

134*6 123*1 369*7 

5*38 4-92 14*79 

*22 *l8 '91 

we see that (if we use four decimals only) the pence of the above results 

are nearly 8d. '22 of a farthing, $-d, *i8, and 4-rf. '91. 

* 1 * 1 

A man can pay £2376 .4.4-, his debts being £3293 . 11 . o^. 

2 4 

How much per cent can he pay, and how much in the poimd P 

3a93'553)*376*2i8o(72i4756 
70 7309 

48598 
2483 Answer J £72 . 2,11- per cent. 

18 o. 14 . 5- per pound. 

4 



APPENDIX VII. 

ON THE MAIN PBINCIPLE OF BOOK-KEEPING. 

A BRIEF notice of the principle on which accoimts are kept (when 
they are properly kept) may perhaps be useful to students who are 
learning book-keeping, as the treatises on that subject frequently give 
too little in the way of explanation. 

Any person who is engaged in business must desire to know accu- 
rately, whenever an investigation of the state of his a£Pair8 is made. 
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], What he had at the commencement of the account, or immediately 
after the last investigation was made ; 2, What he has gained and lost 
in the interval in all the several branches of his business ; 3, What he 
is now worth. From the first two of these things he obviously knows 
the third. In the interval between two investigations, he may at anv 
one time desire to know how any one accoimt stands. 

An account is a recital of all that has happened, in reference to any 
class of dealings, since the last investigation. It can only consist of 
receipts and expenditures, and so it is said to have two sides, a d^tor 
and a creditor side. 

All accounts are kept in money. If goods be bought, tlhey are 
estimated by the money paid for them. If a debtor give a bill of 
exchange, being a promise to pay a certain sum at a certain time, it 
is put down as worth that sum of money. All the tools, furniture, 
horses, &c. used in the business are rated at their value in money. 
All the actual coin, bank-notes, &c., which are in or come in, being 
the only money in the books which really is money, is called cash. 

The accounts ure kept as if every different sort of account belonged 
to a separate person, and had an interest of its own, which every 
transaction either promotes or injures. If the student find that it belps 
him, he may imagine a clerk to every account: one to take charge of, 
and regulate, the actual cash; another for the bills which the house is 
to receive when due; another for those which it is to pay when due; 
ahother for the cloth (if the concern deal in cloth) ; another for the 
sugar (if it deal in sugar) ; one for every person who has an account 
with the house ; one for the profits and losses ; and so oA, 

All these clerks (or accounts) belonging to one merchant, must 
account to him in the end — must either produce all they have taken 
in charge, or relieve themselves by shewing to whom it went For all 
that they have received, for every responsibility they hare undertaken 
to the concern itse^^ they are boimd, or are debtors; for everything 
which has passed out of charge, or about which they are relieved firom 
answering to the concern, they are unbound, or are creditors. These 
words must be taken in a very wide sense by any one to whom book- 
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keeping it not to be a mrgtenr. Tluu, wheaertf any aeeoont 
napooainlitj to an j parties mU ^ Ike eameerm^ it mmt be creditor in 
the booki, and debtor vbenerer it diidiai]pei any other putiei of tbeir 
mponnbilitj. Bat wbenerer an aeeoont ramovet le^onnbtlity from 
any other account in the Mme books it is debtor, and creditor iHieneTcr 
it imposes the same. 

To whom are all these parties, or aoooonta, boond, and from whom 
are they released ? Undoubtedly the merchant himself, ar, more properly, 
the balance-elerkf presently mentioned. But it is customary to say 
that the accounts are debtors to each other, and creditors bg eacih other. 
'fliiifl^ cash debtor to bills receirable, means that the cash aooonnt (or 
the clerk who keeps it) is bound to answer for a sum which was paid 
on a bill of exchange due to the house. At fall length it would be : 
^ Mr. C (who keeps the cash-box) has received, and is answerable for, 
this sum which has been paid in by Mr. A, when he paid hia bill of 
exchange." On the other hand, the corresponding entry in the ac»- 
count of bills receivable runs — bills receivable, creditor by cash. At full 
length : '* Mr. B (who keeps the bills receivable) is freed from all 
responsibility for Mr. A^s bill, which he once held, by handing over to 
Mr. C, the cash-clerk, the money with which Mr. A took it up." Bills re- 
ceivable creditor by cash is intelligible, but cash debtor to bills receivable 
is a misnomer. The cash account is debtor to the merchant by the sum 
received for the bill, and it should be cash debtor by bill receivable. 
The fiction of debts, not one of which is ever paid to the party to 
whom it is said to be owing, though of no consequence in practice, is 
a stumbling-block to the learner; but he must keep the phrase, and 
remember its true meaning. 

The account which is made debtor^ or bound, is said to be debited; 
that which is made creditor^ or released, is said to be credited. All 
who receive must be debited ; all who give must be credited. 

No cancel is ever made. If cash received be afterwards repaid, the 
sum paid is not struck off the receipts (or debtor-side of the cash 
account), but a dischaige, or credit, is written on the expenditure (or 
credit) tide. 
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The book in which the accoiintB are kept is called a ledger. It 
has double columns, or else the debtor side is on one page, and the 
creditor side on the opposite, of each account The debtor-side is 
always the left. Other books are used, but they are only to help in 
keeping the ledger correct Thos there may be a waste-book^ in which 
all transactions are entered as they occur, in common language ; a 
joumaU in which the Iransactions described in the waste-book are 
entered at stated periods, in the language of the ledger. The items 
entered in the journal hare references to the pages of the ledger to 
which they are carried, and the items in the ledger have also references 
to the pages of the journal from which tney come ; and by this mode 
of reference it is easy to make a great deal of abbreviation in the ledger. 
Thus, when it happens, in making up the journal to a certain date, 
that several different sums were paid or received at or near the same 
time, the totals may be entered in the ledger, and the cash account 
may be made debtor to, or creditor by, sundry accounts, or sundries ; 
the sundry accounts being severally credited or debited for their shares 
of the whole. The only book that need be explained is the ledger. 
All the other books, and the manner in which they are kept, important 
as they may be, have nothing to do with the main principle of the 
method. Let us, then, suppose that all the items are entered at once 
in the ledger as they arise. It has appeared that every item is entered 
twice. If A pay on account of B, there is an entry, " A, creditor by 
B ;^* and another, *' B, debtor to A.^* This is what is called double^ 
entry ; and the consequence of it is, that the sum of all the debtor 
items in the whole book is equal to the sum of all the creditor items. 
For what is the first set but the second with the items in a different 
order P If it were convenient, one entry of each sum might be made 
a double-entry. The multiplication table is called a table of double- 
entry ^ because 42, for instance, though it occurs only once, appears in 
two different aspects, namely, as 6 times 7 and as 7 times 6. Suppose, 
for example, tliat there are five accounts. A, B, C, D, E, and that 
each account has one transaction of its own with every other account ; 
and let the debits be in the columns^ the credits in the rotrs, as follows : 
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Accreditor 



By Creditor 



C, Creditor 



D, Creditor 



E, Creditor 



A 



Xi 

9 

Q 



5 

•s 



5 

•s 



j 

E 





23 


19 


32 


4 


17 




6 


II 


»5 


9 


41 




10 


2 


14 


28 


16 




3 


IS 


4 


60 


I 





Here the 16 is supposed to appear in D*b account as D creditoi 
by C, and in C*s account as C debtor to D. And to say that the sum 
of debtor items is the same as that of creditor items, is merely to my 
that the preceding numbers give the same sum, whether the xdwb or 
the columns be first added up. 

If it be desired to close the ledger when it stands as aboye, the fol- 
lowing is the way the accounts will stand : the lines in italics will pie- 
tenily be explained. 



A« Debtor. 


A, 


Creditor. 


B, Debtor. 


B, Creditor. 


Tott . . 17 


BtB 


. . as 


To A 


• • *3 


ByA 


• . 17 


Too . . 9 


BrC 


. . 19 


ToG 


• . 4» 


ByC 


. . 6 


1\> D • . 14 


BtD 


• • 3a 


ToD 


. . xS ByD 


II 


TV^K . . IS 


BrE 


• « 4 


ToE 


. . 4 ^B 


• • *5 


fV JKiAimw 13 








1 


-« 17 


ts» 




T« 




96 


«c 
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C, Debtor. 


C, Creditor. 


D, Debtor. 


D, Creditor. 


ToA . . 19 


ByA . . 9 


ToA . . 32 


By A . . 14 


ToB . . 6 


ByB . . 4x 


To B . . II 


By B . . 28 


ToD . . 16 


ByD . . 10 


ToC . . 10 


ByC . . 16 


To E . . 60 


By E . . 2 


To E . . I 


ByE . . 3 




By Balance 39 


To Balance 7 




lOI lOI 


61 


61 


E, Debtor. 


E, Creditor. 


Balance^ Debtor. 


Balance, Cred, 


ToA . . 4 


By A . . 15 


ToB . . 37 


ByA . . 23 


ToB . . 25 


ByB . . 4 


ToO . . 39 


ByD . . 7 


ToC . . 2 


ByC . . 60 




ByB . . 46 


ToD . . 3 


ByD . . I 


76 


76 


To Balance 46 








80 


80 







In all the part of the above which is printed in Roman letters we 
see nothing but the preceding table repeated. But when all the accounts 
have been completed, and no more entries are left to be made, there 
remains the last process, which is termed balancing the ledger. To get 
an idea of this, suppose a new clerk, who goes round all the accoimts, 
collecting debts and credits, and taking them all upon himself, that he 
alone may be entitled to claim the debts and to be responsible for the 
assets of the concern. To this new clerk, whom I will call the balance- 
clerk, every accoimt gives up what it has, whether the same be debt or 
credit. The cash-clerk gives up all the cash ; the clerks of the two 
kinds of bills give up all their documents, whether bills receivable or 
entries of bills payable (remember that any entry against which there 
is money set down in the books counts as money when given up, that is, 
as money due or money owing) ; the clerks of the several accounts of 
goods give up all their imsold remainders at cost prices ; the clerks of 
the several personal accounts give up vouchers for the sums owing to or 
from the several parties ; and so on. But where more has been paid 
out than received, the balance-clerk adjusts these accounts by giving 

b2 
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instead of receiving ; in fitct, he so acts as to make the debtor and 
creditor sides of the accounts he visits equal in amount. For instancet 
the A account is indebted to the concern 55, while payments or dis- 
charges to the amount of 78 have been made by it. The balance-clerk 
accordingly hands over 23 to that account, for which it becomes debtor, 
while the balance enters itself as creditor to the same amount. But 
in the B account there is 96 of receipt, and only 59 of payment or 
discharge. The balance-clerk then receives 37 from this account, wliidi 
is therefore credited by balance, while the balance acknowledges as much 
of debt. The balance account must, of course, exactly balance itself, 
if the accounts be all right ; for of all the equal and opposite entries 
of which the ledger consists, so fisur as they do not balance one another, 
one goes into one side of the balance account, and the other into the 
other. Thus the balance account becomes a test of the accuracy of 
one part of the work : if its two sides do not give the same sums, either 
there have been entries which have not had their corresponding balan> 
cing entries correctly made, or else there has been error in the additiona. 
But since the balance account must thus always give the amme num 
on both sides, and since balance debtor implies what is &vourable to 
the concern, and baianee creator what is unfiivourable, does it not 
appear as if this system could only be applied to cases in whidi tlievB 
is neither loss nor gain ? This brings us to the two accounts in 
are entered all that the concern began with^ and all that it 
hees — the etaek aeoouniy and the proJU-amd-lote aceomiL In order to 
make all that there was to begin with a matter of double entry, the open- 
ing of the ledger supposes the m^chant himself to put his several cledLs 
in charge of their several departments In the stock account, stocky which 
here stands for the owner of the books, is made creditor by all the.{in>- 
peity, and debtor by all the liabilities ; while the sevoal aoooonts are 
made debtors for all they take from the stock, and creditors by all the 
responsibilities they undertake. Suppose, for instance, there are ^^500 
in cash at the commenconent of the ledger. Thoe will thai appear 
that the merchant has handed over to the cash-box ^500, and in the 
iftock account will appear, ** Stock creditor by cash, itfsoo;** while as 
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the cash account will appear, ** Cash debtor to stock, if 500/* Suppose 
that at the beginning there is a debt outstanding of £$0 to Smith and 
Co., then there will appear in the stock account, ^ Stock debtor to 
Smith and Co. ;f 50,** and in Smith and Co.*s account will appear 
•* Smith and Co. creditors by stock, £50." Thus there is double entry 
for all that the concern begins with by this contrivance of the stock 
account. 

The account to which everything is placed for which an actual 
equivalent is not seen in the books is the profit-and-loss account This 
profit-and-loss account, or the clerk who keeps it, is made answerable 
for every loss, and the supposed cause of every gain. This account, 
then, becomes debtor for every loss, and creditor by every gain. If 
goods be damaged to the amount of JS20 by accident, and a loss to 
that amoimt occur in their sale, say they cost £%o and sell for £So 
cash, it is clear that there is an entry ^ Cash debtor to goods ;f 60,** 
and " Goods creditor by cash ;f 60." Now, there is an entry of £%o 
somewhere to the debit of the goods for cash laid out, or bills given, for 
the whole of the goods. It would affect the accuracy of the accounts 
to take no notice of this ; for when the balance-clerk comes to' adjust 
this account, he would find he receives £zo less than he might have 
reckoned upon, without any explanation of the reason ; and there 
would be a failure of the principle of double -entry. Since it is 
convenient that the balance-account of the goods should merely re> 
present the stock in hand at the close, the account of goods there- 
fore lays the responsibility of jf 20 upon the profit-and-loss account, 
OT there is the entry '* GkK>ds creditor by profit-and-loss, £20,** and 
also ** Profit-and-loss debtor to goods, ;£:'20.** Again, in all pay- 
ments which are not to bring in a specific return, such as bouse and 
trade expenses, wages, &c. these several accounts are supposed to ad- 
just matters with the profit-and-loss account before the balance begins. 
Thus, suppose the outgoings from the mere premises occupied exceed 
anything those premises yield by ;f 200, or the debits of the house 
account exceed its credits by £zoq^ the account should be balanced 
by transferring the responsibility to the profit-and-loss account, under 
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lie entriat ** Home ezpenfet eraditor bj profitnuid-liMi, jffxoo,** ** Profit- 
|nd-lo« debtor to hoiue expemei, £200,'^ In this wsj the profit-^ad- 
loM account aCepa in from time to time before the balance aecoimt 
eommencet ita operationa, in order that that eame bahmoe aeoonnt maj 
eonaift ot nothing but the necesta/ry maJUen ofaoeowUfor the next yeorU 
ledger, 

Thif transference cf aeeounte^ or tranaftiaion ot one account into 
another, requires attentive coniideration. The receiving account be- 
comet creditor for the credits, and debtor for the debits, of the trans- 
mitting account. The rule, therefore, is : Make the transmitting account 
balance itself, and, on whichever side it is necessary to enter a ba l a n c ing 
sum, make the account debtor or creditor, as the case may be, to the 
receiving account, and the latter creditor or debtor to the former. Thus, 
suppose account A is to be transferred to account B, and the latter is 
to arrange with the balance-accouut. If the two stand as in Roman 
letters, the processes in Italic letters will occur before the final close. 



A, Debtor. 

To sundries £xoo 
To B .... 400 

£500 



A, Creditor. 
By sundries £500 

£500 



B, Debtor. 

To sundries £600 
To Balance 200 

£800 



B, Creditor. 

By sundries £400 
Bg A , . . , 400 

£800 



And the entry in the balance account will be, ^ Creditor by B, £200,** 
shewing that, on these two accounts, the credits exceed the debits by 
£100. 

Still, before the balance account is made up, it is desirable that the 
profit-and-loBS account should be transferred to the stock account; for 
the profit and loss of this year is of no moment as a part of next yearns 
ledger, except in so fiur as it affects the stock at the commencement of 
the latter. Let this be done, and the balance account may then be 
made in the fbrm required. 

The stock account and the profit-and^loss account, the latter being 
the only direct channel of alteration fbr the former, differ in a peculiar 
manner* from the other preliminary accounts, and the balance account 

* Ttie tfMtkM on UM»k<-k««pinf have detcribed this difi^mnce in as peculiar a 



ON BOOK-KEEPING. 189 

is a species of umpire. They represent the merchant : their interests 
are his interests ; he is solvent upon the excess of their credits over 
their debits, insolvent upon the excess of their debits over their credita 
It is exactly the reverse in all the other accounts. If a malicious persoi 
were to get at the ledger, and put on a cipher to the pounds in various 
items, with a view of making the concern appear worse than it really 
is, he would make his alterations on the debtor sides of the stock and 
profit-and-loss accounts, and on the orediior sides of all the others. 
Accordingly, in the balance account, the net stock, after the incor- 
poration of the profit-and-loss account, appears on the orediior side 
(if not, it should be called amount of insolvency^ not stock), and the 
debts of the concern fsppear on the same side. But on the debit side 
of the balance account appear all the assets of the concern (for which 
the balance-clerk is debtor to the clerks from whom he has taken them). 
The young student must endeavour to get the enlarged view of the 
words debtor and creditor which is requisite, and must then leam by 
practice (for nothing else will give it) facility in allotting the actual 
entries in the waste-book to the proper sides of the proper accounts. 
I do not here pretend to give more than such a view of the subject as 
may assist him in studying a treatise on book-keeping, which he will 
probably find to contain little more than examples. 

manner. They call these accounts the fieUUotu accountt. Now they represent the 
merchant himself; their credits are gain to the business, their debits losses or liabi- 
lities. If the terma real and fictitious are to be used at all, fhey are the real aooonnts, 
and all the others are aa JUMUotu as the cit:riu wnom we have soppoted to keep 
them. 
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APPENDIX VIIL 
on mi BBDOonov ow wmkcnon 10 othem op n4BLT b^al taujj 



Thbis If ft nieftil method ot finding ftnctionf wliidi dmll be newlj 
•qtul to ft giTen fifnction, and with which the oompotflr oofjbit to be 
aoqoflinted. Proceed m in the rule for finding the groatcit common 
roemiure of the nomenttor and denominator, and bnng all the qiiotieats 
{nto ft line. Then write down« 

I 2d Qtt Ot 

lit Quot lit Quot X 2d Quot^ i 

Then take the third quotient, multiply the n imerator and denominator 
of the lecond by it, and add to the products the preceding numerator 
and denominator. Form a third fraction with the results for a nume- 
rator and denominator. Then take the fourth quotient, and proceed 
with the third and second firactions in the same way; and so on till 

the quotients are exhausted. For example, let the fraction be ^ , 
^ 13128 

9131)13118^1,2 This is the process for finding the 

X137 3997(3, I 
S5> rg6(i je greatest common measure of 9x31 and 

^o^ 35U* ^ 13x28 in its most compact form, and 

8 X the quotients and fractions are : 

Ift3xxx5x 2 X 8 

I a 7 9 x6 249 265 779 1044 9x31 



I 3 xo X3 23 358 381 X120 X501 13128 

It will be seen that we hare thus a set of fractions ending with 
the original fraction itself, and formed by the above rule, as followB : 

X X 



xst Fraction » 
id Ffftotion » 



xst Quot* X 

id Quot 2 

xst Quot. X id Quot 4- X * 3 



J iN^ 4- id Num'.xjd Quot+xstNum'. 1x3+1 7 

3a riacDon ^ ' v^c — z tt^^ — : ;^ — z — ^ ^ — 

id l>Ml^ x3dQuot+xstI>en^ 3x3+1 10 

_, . 3d Xum^x+th Quot+id Num'. _ rxx+i 9 



3d l>«fi^ x4th Quot + id I>en^ 10x1+3 13' 
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and SO on. But we have done something more than merely reascend to 

the original fraction by means of the quotients. The set of fractions, 

127 9 

-, -, — , — , &c. are continually approaching in value to the original 

fraction, the first being too great, the second too small, the third too 

great, and so on alternately, but each one being nearer to the given 

fraction than any of those before it. Thus, - is too great, and - is 

2 ' I 3 

too small; but - is not so much too small as - is too sreat. And 
73. I 2 

again, — , though too great, is not so much too great as - is too small. 
10 3 

Moreover, the difference of any of the fractions from the original 
fraction is never greater than a fraction having unity for its numerator 

and the product of the denominator and the next denominator for its 

I 12 

denominator. Thus, - does not err by so much as -, nor - by so much 

17 ' 19 3i3 

as — , nor — by so much as , nor -^ by so much as , &c. 

30' 10 •' 130 13 "^ 299' 

Lastly, no fraction of a less numerator and denominator can come 
so near to the given fraction as any one of the fractions in the list. 

Thus, no fraction with a less numerator than 249, and a less denominator 

, 9 1 3 1 *49 

than 358, can come so near to \, as — -^. 

13"8 358 

The reader may take any example for himself, and the test of the 

accuracy of the process is the ultimate return to the fraction begun 

with. Another test is as follows : The numerator of the difference of 

any two consecutive approximating fractions ought to be unity. Thus, 

16 249 
in our instance, we have — and — ^, which, with a common denominator, 

*3 358 ' 

^3^35^9 l^<Lve 5728 and 5727 for their numerators. 

As another example, let us examine this question : The length of 

the year is 365*24224 days, which is called in common life 365- days. 

24224 4" 

Take the fraction , and proceed as in the rule. 

100000 

24224)100000(4, 7, I, 4, 9, 2 
2496 3104 
64 608 
o 32 

I L L 31. Ji59L 257. 

4 5t9 33 161 1482 3125 

757 
and — ^^— is *24224 in its lowest terms. Hence, it appean that the 

3*2-5 

excess of the year over 365 days amounts to about i day in 4 years, 
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which is not wTOog bj so much as i day in ii6 yean ; more accurately 
to 7 days in 29 years, which is not wrong by so much as i daj in 957 
years ; more accurately still, to 8 days in 33 years, which is not wrong 
by so much as 1 day in 5313 years ; and so on. 

This method may be applied to finding fractions nearly equal to 
the square roots of int^ers, in the following manner : 

i/a/K =* 6+.... ^^ down the number whose 



I 545 545 i^^ 
7639293671 



113151311Z2 



154, &C. square root is wanted, say 43. 
7^3* *c. -pijjj aquare root is 6 and a frae- 



113, Ac. tion. Set down the integer 6 in 
the first and third row, and i in the second row always. Form the 
successiye rows each from the one before, in the following manner : 

^ One row The next row has h\ a', </, formed in this order, 

I being thus, 

1 

1 a «/ s excess of 6V, already formed, over a. 

i 

j"* h 6' = quotient of 43— a' divided by ft. 

i o' B integer in the quotient of 6-Hi divided by h\ 

j- Thus the second row is formed fit>m the first, as under : 

6 I B excess of 7x1 (both just found) oyer 6. 

* 7 ■* 43—6x6 divided by 1. 

61 1 B integer of 6+6 divided by 7 (just found). 

The third row is formed from the second, thus : 
I 5 Bs excess of 1x6 over i. 
76 = 43— IX I divided by 7. 
I z Bs integer of 6+1 divided by 6 ; 

and so on. In process of time the second column, i, 7, i, occurs 
again, after which the several columns are repeated in the same order. 
As a final process, take the set in the lowest line (excluding the first, 6X 
namely, i, i, 3, i, 5, i, 3, &.a and use them by the rule given at the 
beginning of this article, as follows : 

113151 3 I I, Ac 

I I 4 5 29 34 131 165 296 
I 2 7 9 52 61 235 296 531 
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165 . 

Hence, 6—- is very near the square root of 43, not erring by so much as 

*96x53i' . 165 1941 

If we try it, we shall find 6 •; to be -^-7-, the square of which is 
3767481 7 *9o »9o 

87616 ***'*3~87676* 
This rule is of use when it is frequently wanted to use one square 

root, and therefore desirable to ascertain whether any easy approximation 

exists by means of a common fraction. For example, \/2 is often used. 

29 
^2 K 1+.,.. Here it appears that i-^ does not 

1 70 99 

t , err by r-; consequently, — or 

loo-i 70x169 ^ 70 

is, considering the ease of the 



I I 



70 
22222 2 operation, a fair approximation. In 

12 5 12 29 70 feet, — is i'4i42857... the truth being 

— — — — — —7-, &c» 70 

« 5 « 29 70 169 r4.4ii35... 

The following is an additional example : 
^19 = 4+,.. 

233 2 44* 

3 5 * 5 313 

213 I 282131 2, &U. 



4 

I 

4 



i L i. J_ 11 &^ 
a 3 II 14 39 



APPENDIX IX. 

ON SOME GENERAL PROPERTIES OF NUMBERS. 

Prop. 1. If a fraction be reduced to its lowest terms, so called,* that 
is, if neither numerator nor denominator be divisible by any integer 
greater than unity, then no fraction of a smaller numerator and deno- 
minator can have the same value. 

o 

Let -r be a fraction in which a and b have no common measure 

greater than unity: and, if possible, let - be a fraction of the same value, 

d a a b 

c being less than a, and d less than b. Now, since 7 = j, we have - = ■::; 

a c a 

* This theorem shews that what is called reducing a firaction to its lowest terms 
(namelj, dividing numerator and denominator by their greatest ccmmon measure), 
is correctly so called. 

B 
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let m be the integer quotient of these last fractions (which moat exist, 
since a > c, 6 >(/), and let e and / be the remainders. Then 

a me+e e me 
b md+f d md 

Hence, - and — - must be equal, for if not, . . would lie between 
/ md md-\-f 

mo e TT ^ ' 

—-r and -, instead of being equal to the former. Hence, T "* "]i» 

«o that if a fraction whose numerator and denominator have no com- 
mon measure greater than unity, be equal to a fraction of lower 
numerator and denominator, it is equal to another in which the nnme- 

rator and denominator are still lower. If we proceed with -• « - m a' 

no • 

similar manner, we find 7 « f- where g<e, h </, and so on. Now, if 

a h 

there be any process which perpetually diminishes the terms of a frac- 
tion by one or more units at every step, it must at last bring either the 

numerator or denominator, or both, to o. Let -r « — be one of the 

o to 

Steps, and let a = Aw+ar, b = Xrto4y ; so that — =■ — . Now, if « » o 

but not y, this is absurd, for it gives -7- = t- . A similar absurdity 

follows if y be o, but not »; and if both * and y be «« o, then a » Icv^ b » 
A«r, or a and b have a common measure, k. Now k must be greater 
than I, for o and w are less than and d^ which by hypothesis are less 
than a and b. Consequently a and b have a common measure k greater 

than I, which by hypothesis they have not. If, then, a and 6 be in- 

a 
tegers not divisible by any integer greater than i, the fraction r- is really 

in its lowest terms. Also a and b are said to be prime to one mwdher. 

Prop. 2. If the product ab be divisible by«, and ifebe prime to 6, 

it must divide a. Let — « dL then - « -. Now - is in its lowest terms: 

e e a e 

therefore, by the last proposition, d and a must have a common mea- 
sure. Let the greatest common measure be Ar, and let a ^kl^d=^ km, 

*^^^ " =• ~rr ~ T> ^'^^ T ^ *^ "* ^ lowest terms ; but so is -; 
e kl i i e 

therefore we must have m » 6, / » 0, fiH' otherwise a fracticm in its 
lowest terms would be equal to another of lower terms. Therefore 
« » lv« or a is divisible by e. And from this it follows, that if a num- 
ber be prime to two others, it is prime to their product Let a be prime 
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to b and e, then no measure of a can measure either b or c, and no 
such measure can measure the product be ; for any measure of be which 
is prime to one must measure the other. 

Prop. 3. If a be prime to 6, it is prime to all the powers of b. 
Every measure* of a is prime to 6, and therefore does not divide b. 
Hence, by the last, no measure of a divides b*; hence, a is prime to 
6*, and so is every measure of it ; therefore, no measure of a divides bb\ 
consequently a is prime to b\ and so on. 

Hence, if a be prime to 6, a cannot divide without remainder any 
power of b. This is the reason why no fraction can be made into a 
decimal unless its denominator be measured by no primef numbers ex- 
cept 2 and 5. For if - « , which last is the general form of a deci- 

a * '°" io"». 

mal ^-action, let - be in its lowest terms ; then —7 — is an integer, whence 

b b 

(Prop. 2) b must divide 10", and so must all the divisors of b. If, then, 
among the divisors of b there be any prime numbers except 2 and 5, 
we have a prime number (which is of course a number prime to 10) not 
dividing xo, but dividing one of its powers, which is absurd. 

Prop. 4. If b be prime to a, all the multiples of 6, as 6, 26, .. . up to 
{eh~i)b must leave different remainders when divided by a. For if, m 
being greater than n, and both less than a, we have mb and nb giving the 
same remainder, it follows that mb—nb, or (f?»~-n)6, is divisible by a; 
whence (Prop. 2), a divides m— n, a number less than itself^ which is 
absurd. 



If a number be divided into its prime &ctors, or reduced to a pro- 
duct of prime numbers only (as in 360 » 2x2x2x3x3x5), and if a, 6, <;, 
&c. be the prime factors, and a, jB, 7, &c. the number of times they seve* 
rally enter, so that the number is a'^xb^ xc^'x&c, then this can be done 
in only one way : For any prime number v, not included in the above 

* For that which measuies a measure is itself a measure; so that if a measure of 
a could have a measure in common with b, a itself would have a common measure 
with 6. 

t A prime number is one which is prime to all numbers except its own multiples, 
or has no divisors except 1 and itsdf. 
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list, is prime to a, and therefore to a*, to 6 and therefore to 6^, and there- 
fore to a^xb^. Proceeding in this way, we prove that v is prime to the 
complete product above, or to the given number itselfl 

The number of divisors which the preceding number a*b^e^,,., can 
have, o and itself included, is (a+i)0+i)(7+i).... For a* has the 
divisors i, a, a' ...a* and no others, a+i in alL Similarly, b^ has fi+i 
divisors, and so on. Now as all the divisors are made by multiplying 
together one out of each set, their number (page 202) is (a+i)(/3-l-i) 

(7+1).... 

If a number, n, be divisible by certain prime numbers, say 3« 5, 7, 1 1, 
then the third part of all the numbers up to n is divisible by 3, the fifth 
part by 5, and so on. But more than this: when the multiples of 3 
are omitted, exactly the fifth part of thote which remain are divisible 
by 5 ; for the fifth part of the whole are divisible by 5, and the fifth 
part of those which are removed are divisible by 5, therefore the fifth 
part of those which are left are divisible by 5. Again, because the 
seventh part of the whole are divisible by 7, and the seventh part of 
those which are divisible by 3, or by 5, or by 15, it follows that when 
all those which are multiples of 3 or 5, or both, are removed, the seventh 
part of those which remain are divisible by 7 ; and so on. Hence, the 

number of numbers not exceeding n, which are not divisible by 3, 5, 7, 

10 6 A 2 
or 1 1, is — of - of - of - of n. Proceeding in this way, we find that the 

"753 
number of numbers which are prime to n, that is, which are not divisible 

by any one of its prime factors, a, 6, c,.. . is 
rt— 1 b—i 0— I 



n- 



or a*-l6^1o5^1...(a-iX*-i)(o-i).... 



a b 

Thus, 360 being 2*3^5, its number of divisors is 4x3x2, or 24, and there 
are 2*3.1.2^ or 96 numbers less than 360 which are prime to it. 

Prop. 5. If a be prime to 6, then the terms of the series, a, a\ a*,... 
severally divided by 6, must all leave difierent remainders, until i 
occurs as a remainder, after which the cycle of remainders will be again 
repeated. 

Let a-+b give the remainder r (not unity) ; then a^+b gives the same 
remainder as ra-i-b, which (Prop. 4) cannot be r : let it be «. The . 
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tf^-f^ gives the same remainder as mh-5, which (Prop. 4) cannot be 
either r or «, unless « be i : let it be /. Then a*'hb gives the same 
remainder as ta-+i ; if / be not i, this cannot be either r, «, or / : let 
it be u. So we go on getting different remainders, until i occurs as 
a remainder ; after which, at the next step, the remainder of a+b is 
repeated. Now, i must come at last; for division by b cannot give 
any remainders but o, i, 2, .... b—i ; and o never arrives (Prop. 3), 
so that as soon as 6—2 deferent remainders have occurred, no one of 
which is unity, the next, which must be different from all that precede, 
must be i. If not before, then at a^^ we must have a remainder i ; 
after which the cycle will obviously be repeated. 

Thus, 7, 7', 7*, 7^, &c willy when divided by 5, be found to give 
the remainders 2, 4, 3, i, &c 

Prop. 6. The difference of two mth powers is always divisible with- 
out remainder by the difference of the roots ; or a"*— 6"* is divisible by 
a—b; for 

From which, if a"^*— fi**"* is divisible by a— i, so is a"^— 6". But a— 6 
is divisible by a—b ; so therefore is a^—l^ ; so therefore is a^—i^ ; and 
so on. 

Therefore, if m and 6, divided by c, leave the same remainder, a^ 
and ^, o^ and 6*, &c. severally divided by o, leave the same remainders; 
for this means that a^b is divisible by o. But a"*— 6"* is divisible by 
a— 6, and therefore by every measure of a—b, or by o ; but a"— &"• cannot 
be divisible by o, unless a"* and &"*, severally divided by o, give the 
same remainder. 

Prop. 7. If 6 be a prime number, and a be not divisible by 6, then 
a* and (a— x)*+i leave the same remainder when divided by b. This 
proposition cannot be proved here, as it requires a little more of algebra 
than the reader of this work possesses.* 

Prop. 8. In the last case, o^' divided by b leaves a remainder i. 

* Expand (a — l)^b7 the binomial theorem; shew that when b i* a prim* number 
every coefficient which is not unity is divisible by b; and the proposition follows. 

82 



198 

Fratn the last, «*-« kaTcs the Hme icnuDndcr as (*— i/^-i— « or 
(«— i/— (*--i) ; ^1>*^ ^ the icnuDndcr of «*— « ii not altcxed if « be 
fedoced hj ft unit. Bj the ume nde, it maj be rednced another anit, 
and to on, ftiU withoftt anj ahcmtum of the lanaindcr. At last it 
becomce i*— i, or o, the lemainder of wfaidi m o. According^j, «*— «» 
which it a(a*'^i), is difinble bjr 6; and snee b is i»ime to «, it 
must (Prop. 2) diTide t^^—i ; that is, a^~^, divided bjr 6, leaTes a 
remainder i, if 6 be a prime nmnber and a be not divisible bj b. 

From the abore it appears (Prop. 5 and 7), that if a be prime to 
6, the tet I, a, a*, a*, Ac. saccessiTelj divided by 6, give a set of 
remainders beginning vrith i, and in which i occurs again at a^\ if 
not before, and at a^^ certainly (whether before or not), if 6 be a 
prime number. From the point at which z occurs, the cycle of re- 
mainders recommences, and i is always the beginning of a cyde. I£^ 
then, tf^ be the first power which gives x for remainder, m must either 
be ^x, or a measure of it, when b is a prime number. 

But if we divide the terms of the series m, ma, f?ia', mo', &c. by 
6, m being less than 6, we have cycles of remainders beginning with m. 
If X, r, «, /, &c. be the first set of remainders, then the second set is 
the set of remainders arising from m, mr, ms^ mt^ &c If z neyer 
occur in the first set before a^^ (except ajt the b^inning), then all 
the numbers under b—i inclusive are found among the set i, r, s, f, 
&c. ; and if m be prime to b (Prop. 4), all the same numbers are found, 
in a different order, among the remainders of m, mr, &c. But should 
it happen that the set x, r,«, /, &c. is not complete, then m, mr^ nw, 
&c. may give a different set of remainders. 

All these last theorems are constantly verified in the process fbr 

reducing a fhiction to a decimal fraction. If m be prime to 6, or the 

fraction -r- in its lowest terms, the process involves the sacoesaiye 
o 

division of «, mxio, mxio*, &c. by b. This process can never come 
to an end unless some power of xo, say xo", is divisible by b ; which 
cannot be, if b contain any prime factors except 2 and 5. In every 
other case the quotient repeats itself, the repeating part sometimes 
commencing frt>m the first figure, sometimes from a later figure. Thua. 
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- yields '142857 142857, &c., but — gives *o7(i42857)( 142857), &c., 
7 , 14 

and — gives '03(57 1428)(57 1428), &c. 

In -7-, the quotient always repeats from the very beginning whenever 
6 is a prime number and m is less than b ; and the number of figures 
in the repeating part is then always 6—1, or a measure of it. That it 
must be so, appears from the above propositions. 

Before proceeding fitrther, we write down the repeating part of a 
quotient, with the remainders which are left after the several figures 
are formed. Let the fraction be — , we have 

Oio5xa8i48^2a385a24a974a 131^371^634^,7 J 
This may be read thus: 10 by 17, quotient o, remainder 10; xo* by 
17, quotient 05, remainder 15 ; lo^ by 17, quotient 058, remainder 14; 
and so on. It thus appears that 10'' by 17 leaves a, remainder i« which 
is according to the theorem. 

If we multiply 0588, &c. by any number under 17, the same cycle 
is obtained with a different beginning. Thus, if we multiply by 13, we 
have 764705882352941 1 

beginning with what comes after remainder 13 in the first number. If 

we multiply by 7, we have 41 17, &c. The reason is obvious: — X13, 

13 '7 

or — , when turned into a decimal fraction, starts with the divisor 130, 

and we proceed just as we do in forming — , when within four figures of 

the close of the cycle. 

It will also be seen, that in the last half of the cycle the quotient figures 

are complements to 9 of those in the first half, and that the remainders 

are complements to 17. Thus, in 0^05^ 38 ^48^, &c and 9743! s'la* 

&c. we see 0+9 « 9, 5+4 « 9, 8+1 « 9, &c., and 10+7 = 17, 15+2 « 17, 

14+3 « 17, &c. We may shew the necessity of this as follows : If 

the remainder i never occur till we come to use a^~^, then, b being 

prime, ^i is even; let it be 2Ar. Accordingly, a^'^i is divisible by 

b ; but this is the product of i^—i and a^+i, one of which must be 

divisible by b. It cannot be o*^— i, for then a power of a preceding the 

(b—i)ih. would leave remainder 1 9 which is not the case in our instance: 

it must then be a^-f i, so that a* divided by b leaves a remainder 6—1; 
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and the lirth itep concludes the fiist half of the process. AccordinglT, 
in our instance, we see, b being 17 and a being 10, that remainder 16 
occurs at the 8th step of the process. At the next step, the remainder 
\b that yielded bj 10(6—1), or 96+6— 10, which gives the remainder ^xo. 
But the first remainder of all was 10, and io+(6— 10) » b. If ever thig 
complemental character occur in any step, it must continue, which we 
shew as follows : Let r be a remainder, and 6— r a subsequent remainder, 
the sum being b. At the next step after the first remainder, we divide 
I or by 6, and, at the next step after the second remainder, we divide 
lofr— lor by 6. Now, since the sum of lor and 106— lor is divisible 
by b, the two remainders from these new steps must be such as added 
together will give 6, and so on ; and the quotients added together must 
give 9, for the sum of the remainders lor and 106— i or yields a quotient 

10, of which the two remainders give i. 

I I • 

If — and T- be taken, the repeating parts will be found to contMn 

58 and 60 figures. Of these we write down only the first halves, as 

the reader may supply the rest by the complemental property just 
given. 

016949x5254237288135593220338, &c. 
016393442622950819672131147540, &c. 

Here, then, are two numbers, the first of which multiplied by any 
number under 59, and the second by any number under 61, can have 
the products formed by carrying certain of the figures from one end to 
the other. 

But, b being still prime, it may happen that remainder x may occur 
before 6—1 figures are obtained ; in which case, as shewn, the number 
of figures must be a measure of 6—1. For example, take — . The 
repeating quotient, written as above, has only 5 figures, and 5 measures 
41— I. 

Now, this period, it will be foimd, has its Bgures merely transposed, if 
we multiply by 10, 18, 16, or 37. But if we multiply by any other 
number under 41, we convert this period into the period of another 
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fraction whose denominator is 41. The following are S periods which 
may be found. 



Oio*i84ie3879i 

* 

°3o7i837*a97a 
04o9ei7a35a564 



'9*8'389ai55 

^194«6^l43l74o 

*a8^34^ia*389ll 

3a7°t453a^aa5i5 



To find — , look out for m among the remainders, and take the period 

in which it is, beginning after the remainder. Thus, — is '8292682926, 
15 4' 

&c., and — is '3658536585, &c. These periods are complemental, 
4' 

four and four, as 02439 &^<^ 97-5^» 07317 and 92682, &c. And if 

the first number, 02439, ^ multiplied by any number under 41, look 

for that number among the remainders, and the product is found in the 

period of that remainder by beginning after the remainder. Thus, 

02439 multiplied by 23 gives 56097, and by 6 gives 14634. 

The reader may try to decipher for himself how it is that, with no 

more figures than the following, we can extend the result of our division. 

The fraction of which the period is to be found is -r-. 

87 

87)100(01149425 

130 

430 

820 01149425x25 

370 28735625x25 

220 718390625x25 

460 17959765625x25 

25 448994140625 

0x14942528735625 

718390625 

, 1795976 5625 

448994 



01 14942 528735632183908045977 



01 1494 



APPENDIX X. 

ON COMBINATIONS. 

There ore some things connected with combinations which I place in 
an appendix, because I intend to demonstrate them more briefly than 
the matters in the text. 

Suppose a nimiber of boxes, say 4, in each of which there are 
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counten, saj 5, 7, 3, and 11 seremllj. In how manj ways can one 
counter be taken out of each box, the order of going to the boxes not 
being regarded. Antwerp in 5x7x3x11 waya. For out of the first box 
we may draw a counter in 5 different ways, and to each such drawing 
we may annex a drawing firom the second in 7 different ways — givin/c 
5x7 ways of making a drawing from the first two. To each of these 
we may annex a drawing from the third box in 3 ways — giving 5x7x3 
drawings from the first three ; and so on. The following statements may 
now be easily demonstrated, and similar ones made as to other cases. 

If the order of going to the boxes make a difference, and if a, 6, 0, d 
be the numbeis of counters in the seyeral boxes, there are 4X2X3XIX 
axbx<n<d distinct ways. If we want to draw, say 2 out of the first box, 
3 out of the second, i out of the third, and 3 out of the fourth, and if 
the order of the boxes be not considered, the number of ways is 

a— I ,6—16—2 ,rf— irf— 2 

a xb xcxo 

223 23 

If the order of going to the boxes be considered, we must multiply the 
preceding by 4x3x2x1. If the order of the drawings out of the boxes 
makes a difference, but not the ordor of the boxes, thai the number 
of ways is 

a(a-i)6(6-i)(6-2)crf(rf-i)(rf-2) 

The nth power of a, or a", represents the number of ways in which 
• counters differently marked can be distributed in n boxes, order of 
placing them in each box not being considoed. Suppose we want to 
distribute 4 differently-marked counters among 7 boxes. The first 
counter may go into either box, which gives 7 ways; the second counter 
may go into either ; and any of the first 7 allotments may be combined 
with any one of the second 7, giving 7x7 distinct ways; the third 
counter varies each of these in 7 different ways, giving 7x7x7 in all ; 
and so on. But if the counters be undistinguishable, the problem is m 
very different thing. 

Required the number of ways in which a number can be compounded 
of other numbers, different orden counting as different ways. Thus, 
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14-3+1 and I +1+3 are to be considered as distinct ways of making 5. 
It will be obvious, on a little examination, tbat each number can be 
composed in exactly twice as many ways as the preceding number. 
Take 8 for instance. If every possible way of making 7 be written 
down, 8 may be made either by increasing the last component by a 
unit, or by annexing a imit at the end. Thus, i+3+2-f x may yield 
x+3+2+2, or i+342+i+i: and all the ways of making 8 will thus be 
obtained; for any way of making 8, say a+b+o+d, must proceed from 
the following mode of making 7, a•i-6+c4-(<^-I). Now, (d^i) is either 
o — that is, (i is unity and is struck out — or (d—i) remains, a number 
I less than d. Hence it follows that the number of ways of making 
n is 2"~^ For there is obviously i way of making i, 2 of making 
2 ; then there must be, by our rule, 2* ways of making 3, 2' ways of 
making 4 ; and so on. 



x+i 




This table exhibits the ways of making 1, 2, 3, and 4, Hence it 
follows (which I leave the reader to investigate) that there are twice 
as many wajrs of forming a+b as there are of forming a and then 
aimexing to it a formation of b ; four times as many ways of forming 
a-¥b-¥€ as there are of annexing to a formation of a formations of b and 
of ; and so on. Also, in summing numbers which make up a+&, there 
•le ways in which a is a rest, and ways in which it is not, and as many of 
one as of the other. 

Required the number of ways in which a number can be compounded 
of odd numbers, different orders counting as different ways. If a be 
the number of ways in which n can be so made, and b the number of 
ways in which n+i can be made, then a+b must be the number of 
ways in which n+2 ccm be made ; for every way of making 12 out of 
odd numbers is either a way of making 10 with the last ncm'ier 
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incieased by 2, or a way of making 11 with a i annexed. Thus, 
1+5+3+3 &^^ '*» formed from 1+5+3+1 giving 10. But i+9+-i+i ia 
formed from 1+9+x giving 11. ConBequently, the number of ways 
of forming 12 is the sum of the number of ways of forming 10 and of 
forming xx. Now, i can only be formed in x way, and 2 can only 
be formed in i way ; hence 3 can only be formed in x+x or 2 ways, 4 
in only x+2 or 3 ways. If we take the series i, i, 2, 3, 5, 8, X3, 2X, 
34* 55» ^9* ^c. in which each number is the sum of the two preceding, 
then the nth number of this set is the number of ways (orders counting) 
in which n can be formed of odd numbers. IThus, 10 can be formed 
in 55 ways, xx in 89 ways, &c 

Shew that the number of wa3rs in which mk can be made of nnxnben 
divisible by m (orders counting) is 2^^^. 

In the two series, i x i 2 3 4 6 9 X3 19 28, &c. 

0x0x1x22 3 4 5, &C., 

the first has each new term after the third equal to the sum of the 
last and last but two ; the second has each new term after the third 
equal to the sum of the last but one and last but two. Shew that 
the nth number in the first is the number of ways in which n can be 
made up of numbers which, divided by 3, leave a remainder i ; and 
that the nth number in the second is the number of ways in which 
n can be made up of numbers which, divided by 3, leave a remainder 2. 

It is very easy to shew in how many ways a number can be made 
up of a given number of numbers, if different orders count as different 
ways. Suppose, for instance, we would know in how many ways 12 
can be thus made of 7 numbers. If we write down 12 units, there 
are X I intervals between unit and unit There is no way of making 
X2 out of 7 numbers which does not answer to distributing 6 partition- 
marks in the intervals, i in each of 6, and collecting all the units 
which are not separated by partition-marks. Thus, 1+ 1+3+2+ x+2+2, 
which is one way of making X2 out of 7 numbers, answers to 

X I I IXI XI X II XI 
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in which the partition-marks come in the ist, 2d, sth, 7th, 8th, and 
loth of the 1 1 intervals. Consequently, to ask in how many ways la 
can be made of 7 numbers, is to ask iu how many ways 6 partition- 
marks can be placed in 11 intervals; or, how many combinations or 
selections can be made of 6 out of 1 1. The answer is, 

11x10x9x8x7x6 

7-, or 462. 

1x2x3x4x5x6 

Let us ^note by m« the number of ways in which m things can 
be taken out of » things, so that m« is the abbreviation for 

r^— I n— 2 - fir-m+i 

nx X ....as far as 

23 m 

Then »« also represents the number of ways in which m+i numbers 
can be put together to make n+i. What we proved above is, that 6^ j 
is the number of ways in which we can put together 7 numbers to make 
12. There will now be no difficulty in proving the following : 

2"= i+i»+2,+3, +n. 

In the preceding question, o did not enter into the list of numbers 
used. Thus, 3+1+0+0 was not considered as one of the ways of putting 
together four numbers to make 5. But let us now ask, what is the number 
of ways of putting together 7 numbers to make 12, allowing o to be 
in the list of numbers. There can be no more (nor fewer) ways of doing 
this than of putting 7 numbers together, among which o is not included, 
to make 19. Take every way of making 12 (o included), and put on 
I to each number, and we get a way of making 19 (o not included). 
Take any way of making 19 (o not included), and strike off i from 
each number, and we have one of the ways of making 12 (o included). 
Accordingly, 6^, is the number of ways of putting together 7 numbers 
(o being allowed) to make 12. And (wi— i)ii+in— 1 is the number of 
ways of putting together m numbers to make n, o being included. 

This last amounts to the solution of the following: In how many 
ways can n counters (undistinguishable from each other) be distributed 
into fit boxes? And the following will now be easily proved: The 
number of ways of distributing undistinguishable counters into b boxes 

r 
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is I — I )b*c-u if <uiy box or boxes may be left empty. Bat if there 
must be I at least in each box, the number of ways is (^7)»-i; if 
there must be % at least in each box, it is (6~i)< ^ i ; if there must 
be 3 at least in each box, it is (6— i)»-:^i ; and so on. 

The number of ways in which m add numbers can be put together 
to make n, is the same as the number of ways in which m even numbers 
(o included) can be put together to make n—m ; and this is the number 
of ways in which m numbers (odd or even, o included) can be put 
together to make -{n-m). Accordingly, the number of ways in which 

2 

m odd numbers can be put together to make n is the same as the 

number of combinations of wi— i things out of -(n— fn)+m— i, oi 

I * 

-(n+wi)— 1. Unless n and m be both even or both odd, the problem 

2 

is evidently impossible. 

There are curious and useful relations existing between numbers of 
combinations, some of which may readily be exhibited, under the simple 
expression of mn to stand for the number of ways in which m things 
may be taken out of n. Suppose we have to take 5 out of 12 : Lot 
the 12 thlntrs be marked a, b, c, &c. and set apart one of them, a. 
Every collection of 5 out of the 12 either does or does not include a. 
The number of the latter sort must be 5^^; the number of the former 
sort must be 4^^, since it is the number of ways in which the other four 
can be chosen out of all but a. Consequently, 5,2 must be 5ix+4ii, 
and thus we prove m every case, 

mn = m«_iT(fn— 1 )«_i 

o« and Tin both are i ; for there is but one way of taking none^ and 
but one way of taking cUL And again m» and (n—m). are the same 
things. And if m be greater than n, mn is o ; tor there are no ways of 
doing it. We make one of our preceding re^xilts more symmetrical if 
we write it thus, 

2" = o„+i,+2,+....+n, 

If we now write down the table of symbols in which the m+itb 
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I 

2 

3 



0123, &c 

Oi 'i *i 3i» &c. 
02 *a *a 3a» *tc* 
©8 ^8 *8 38» Re- 



number of the nth row represents mm the 
number of combinations of m out of n, we 
see it proved above that the law of for- 
mation of this table is as follows : Each 
number is to be the sum of the number 



&c. &c. &c. &c. 

above it and the number preceding the number above it. Now, the 
first row must be i, i, o, o, o, &c. and the first column mujt 1:e i, i, i, i, 
&c. so that we have a table of the following kind, which may be carried 
as far as we please : 



8 



I 

2 

3 

4 

5 
6 

7 
8 

9 

10 



I 

2 

3 

4 

5 
6 

7 
8 

9 

10 



o 
I 

3 
6 

10 

15 
21 

28 

36 



o 
o 

I 

4 

10 

20 

35 
56 



o 
o 
o 

I 

5 
15 

35 
70 



o 
o 
o 
o 
I 
6 
21 

S6 



o 

o 

o 

o 

o 

I 

7 



84 126 126 



28 
84 



o 
o 
o 
o 
o 
o 
I 
8 
36 



45 120 210 252 210 120 



o 
o 
o 
o 
o 
o 
o 
1 

9 

45 



o 
o 
o 
o 
o 
o 
o 
o 
I 
10 



10 
o 
o 
o 

o 
o 

o 
o 
o 
o 
I 



Thus, in the row 9, imder the column headed 4, we see 126, which 
is 9x8x7x6-f( 1x2x3x4), the number of ways in which 4 can be chosen 
out of 9, which we represent by 49. 

If we add the several rows, we have i+i or 2, 1+2+1 or 2*, next 
I +3+3+1 or 2^, &c. which verify a theorem abeady announced; and the 
law of formation shews us that the several columns are formed thus : 



I I 

I I 

121 



121 
121 

I 3 3 > 



1331 
I 3 3 I 

I 4 6 4 I, Ae. 



so that the sum in each row must be double of the sum in the preeedinfl^ 
Bat we can carry the consequences of this mode of fbimotioii fiuther. 
If we make the powers of i+x by actual algebraical innltiplication, we 



208 APPEKDIX. 



•e« that the pi o cem makes the Hune oblique additioii in the furaiacion 
of the numerical mnltiplien of the powers ot r. 











i+2jr+j:* 


x+3jr+3jr*+«" 



Here are the second and third powers of i+x : the fourth, we can tell 
beforehand from the table, must be x •1-404-6 jf^-f 4«*+4^ ; and so on. 
Hence we have 

which is usually written with the symbols o«, i., &c, at length, thixsy 

(i+x)* = i-HMH-n ^»*+w -o^+Slc 

223 

This is the simplest case of what in algebra is called the binomial 
theorem. If instead of i+g we use dH-a, we get 

(*ffl)" « «"+i«a«"-*+2,,a*«'*-^+3«oV-*+....+iMr« 

We can make the same table in another form. If we take a row of 
ciphers beginning with unity and setting down the first, add the next> 
and then the next, and so on, and then repeat the process with one 
step less, and then again with one step less, we have the following t 

























I 


I 


I 


I 


I 


1' 




2 


3 


4 


5 


6 






3 


6 


10 


IS 








4 


10 


ao 










5 


IS 












6 













In the oblique cohimns we see 11, 121, i 3 3 i, &c. the same as in 
Uie original table, and formed by the same additions. 1^ before making 
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the additions, we had always multiplied by a, we should have got the 
several components of the powers of i+a, thus, 

I o o o o 

I a a^ a^ t^ 

I za 3a' 4a^ 

I 3a 6a* 

X 4a 

I 

where the oblique columns i+a, i+2a+a', i+3a+3a'+a', &c., give the 
several powers of i+a. If instead of beginning with i, o, o, &c. wc 
had begun with p, o, o, &c. we should have got p, Jt»<4a, px6a^, &c. 
at the bottom of the several columns ; and if we had written at the 
top 0^, dr^, j^, x^ I, we should have had all the materials for forming 
p(jM-a)^ by multiplying the terms at the top and bottom of each column 
together, and adding the results. 

Suppose we follow this mode of forming p(x+a)'+y(j?-t-a)^+r(dr+a)+i. 

q o o r o s 

q qa qa? r ra 

q 2qa r 

9 

j5j?^+3/>aj?2+3jBa*jH-jt>o'+5'jf^+2^a*4^fl'+r*-t-ro+» 
= p«'+(3pa+y)a:*+(3pa'+25'a+r)jH-|)a*+^a2+ra-r* 

Now, observe that all this might be done in one process, hj entering 
q, r, and 8 under their proper powers of jt in the first process, as follows * 

^ ^ » I 

p q r « 

p pa+q pa^+qa^r JKl^9a'+ra+» 

p %T>a+q ip<fi^2gtHr 

p zpa+g 

p 

t2 



x" 


^ 


X 


I 


p 











p 


pa 


pa^ 


y(v^ 


p 


zpa 


ipa^ 




p 


3P« 






p 
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Thif |»rooe«* it the one used in Appendix XI^ with the diitifat atten- 
tion of ▼vying the sign of the hist letter, and making subtnctioiif 
instead of additions in the last column. As it stands, it is the most 
convenient mode of writing x+a instead of jr in a large class of alge- 
braical expressions. For instance, what does zj^+j^+y^+7Je+^ become 
when J^f 5 is written instead of jr ? The expression, made complete, is, 

2*» + ijf* + ar* + 3*2 + 7* + 9 

10379 

2 ti 55 278 1397 6994 

2 21 160 r 1078 6787 

2 31 315 2653 

2 41 520 

2 51 

Antwerp 2**+5iar*+52ar*+2653j*+6787JP+6994, 



APPENDIX XL 

ON HORNER'S METHOD OF SOLTING EQUATIONS. 

Thr rule given in this chapter is inserted on account of its excellence 
as an exerciso in computation. The examples chosen will requim but 
little use of algebraical signs, that they may be understood by those who 
know no more of algebra tlian is contained in the present work. 
To solve an equation such as 

i*^+jr*— 3* =» 416793, 
or, as it is usually written, 

a*^+*^34^— 416793 -■ o, 
we must first ascertain by trial not only the first figure of the root, but 
also the denomination of it : if it be a 2, for instance, we must know 
whether it be a, or 20, or aoo, &c, or *2, or *o2, or *oo2, &c This must 



* The prtedpltt of this mode of demonstration of Uomer*i method was stated in 
Toi»g*t Algebm (1813)» being the earliest elementary work in which that method 
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be found by trial ; and tbe shortest way of making the trial is as follows : 
Write the expression in its complete form. In the preceding case the 
form is not complete, and the complete form is 

2ar*+oar'+ 1 jr'— 30?— 41 6793. 

To find what this is when je is any number, for instance, 3000, the best 
vray is to take the first multiplier (2), multiply it by 3000, and take in 
the next multiplier (o), multiply the result by 3000, and take in the 
next multiplier (i), and so on to the end, as follows : 

2x3000+0 = 6000; 6000x3000+1 =s 1800G001 

18000001x3000—3 a» 54000002997 
54000002997x3000—416793 =a 162000008574207 

Now try the value of the above when x = 30. We have then, for the 
itepe, 60 (2x30+0), 1 80 1, 54027, and lastly, 

16208 10— 416793, 

or jr SB 30 makes the Brst terms greater than 416793. Now try or «= xo 
which gives 40, 801, 16017, and lastly, 

320340-416793, 

or # w 20 makes the first terms less than 416793. Between 20 and 30, 
then, must be a value of * which makes zj^+a^—'ijr equal to 416793. 
And this is the preliminary step of the process. 

Having got thus far, write down the coefiicients -^2, o, +1, —3, and 
—416793, each with its proper algebraical sign, except the last, in which 
let the sign be changed. This is the most convenient way when the 
last sign is — . But if the last sign be +, it may be more oonvenient 
to let it stand, and change all which come before. Thus, in solving 
**— i2dr+ 1 «B o, we might write 

—I o +12 1 
wheraoB in the instance before us, we write 

+2 o +1 —3 416793 

Having done this, take the highest figure of the root, properly named, 
which is 2 tens, or 20> Begin with the lint eolumn, multiply by 20^ 
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and join it to the number in the next colimin ; multiplj that bj 20, 
and join it to the number in the next column ; and so on. But when j<n 
come to the last column, subtract the product which comes out of the 
preceding column, or join it to the last column after changing its sign. 
When this has been dune, repeat the process with the numbers wiiich 
now stand in the columns, omitting the last, that is, the subtracting 
step ; then repeat it again, going only as far as the last column but two, 
and so on, until the columns present a set of rows of the following ap- 
pearance : 

a b c d e 

f 9 h i 

k I m 

no 

.» 

P 

I 

to the formation of which the following is the key : 

/— 2oa+6, g = 20/+ c, h — 20^-Ni, t — 9-2oA, 

k =• 2oa+/, / ■■ 2ok-¥g, m ■■ 20/+^ 

n ■■ zoa+k, ■« 2on+ /, 
p -! 2oa+n. 

We call this Homer^s Process^ from the name of its inventor. The 
1 csult 18 as follows : 

a o I _3 416793 (ao 

40 801 16017 96453 

80 240 X 64037 

120 4801 
160 

Wo have now before us the row 

a 160 4801 64037 96453 

which fUmishes our means of guessmg at the next, or units' figure of the 
root 

Call the last column the dividend^ the last but one the dMaor^ and 
all that come before anteeedents. See how often the dividend contains 
the divisor ; this gives the guess at the next figure. The guess is a true 
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one,* i(, OB applying Homer's process, the divisor result, augmented as 
it is by the antecedeirt processes, still go as many times in the dividend. 
For example, in the case before us, 96453 contains 64037 once ; let i 
be put on its trial. Horner's process is found to succeed, and we have 
for the second process. 



160 


4801 


64037 


96453 


162 


4963 


69000 


17453 


164 


5127 


74127 




166 


5293 






168 









As soon as we come to the fractional portion of the root, the process 
assumes a morei* methodical form. 

The equation being of the fourth degree, annex f(mr ciphers to the 
dividend, three to the divisor, two to the antecedent, and one to the 
previous antecedent, leaving the first column as it is ; then find the new 
-figure by the dividend and divisor, as before^^ and apply Homer's pro- 
cess. Annex ciphers to the results, as before, and proceed in the same 
way. The annexing of the ciphers prevents our having any thing to do 
with decimal points, and enables us to use the quotient-figures without 
paying any attention to their locul values. The following exhibits the 
whole process from the beginning, carried as far as it is here intended 
to go before beginning the contraction, which will give more figures, as 
in the rule for the squaie root The following, then, is the process as 
far as one dedmai place : 

* Vahous exceptions may arise when an equation has two nearly equal roots. 
But I do not here introduce algebraical difficulties ; and a student might give himself 
a hundred examples, taken at hasard, without much chance of lighting upon one 
Dvhich gives any difficulty. 

t This form might be also applied to the integer portions; but it is hardly needed 
111 such instances as usually occur. See the article Involution and Epoluiion in the 
Supplement to the Penny CffClopadia, 

t After the second step, the trial will rarely fisil to give the true flgore. 
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» o I -3 ^6793(sr3 

40 foi 16017 9^53 

<0 <4<» 64017 ^yyooo 

120 aSoi ^ _ 

j5o -— ^^'^ 4733977» 

L_ 49^3 74»7000 

162 C127 

^ 75730074 

164 5*9300 ;^ 5 

166 r ^^^^^^ 

,680 ^^558 

539434 

1686 544528 

1692 "~^" 

1698 

1704 

If we now begin the contraction, it is good to know beforf;hand on 
what number of additional root-figures we maj reckon. We may be 
pretty certain of having nearly as many as there are figures in the divisor 
when we begin to contract — one less, or at least two less. Thus, there 
being now eight figures in the divisor, we may conclude that the con- 
traction will give us at least six more figures. To begin the contraction, 
lot the dividend stand, cut off one figure fh>m the divisor, two from the 
column before that, three from the one before that, and so on. Thus, 
our contraction begins with 



0002 



704 5445*8 77348376 47339778 



The first column is rendered quite useless here. Conduct the process 
as before, using only the figures which are not cut o£ But it will be 
hotter to go as fiir as the first figure cut off, carrying ttom. the ■eoond 
figure cut off. We shall then have as follows : 



> 704 5445 

' 5455 

5465 

5475 



*8 7734837I6 47339778(6 

5 7767570 6 734354 

7 7800364^8 



y 



At th« next contraction the column 1I7Q4 becomee 1001704, 
u:^^le9a. The next »tep« sepeimtaly written (which is nel« kowo^ 

mry in w\^rkii\^\ »» 
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54759 



7JS0036I48 



7S4354(o 



Here the dividend 734354 does not contain the divisor 780036, and we, 
therefore, write o as a root figure and make another contraction, or begin 

with 



54759 



78003 
78008 
78013 



648 

5 

4 



734354(9 
32277 



At the next contraction the first column becomes 1 00547 59, and is quite 
useless, so that the remainder of the process is the contracted division. 

7801 34)32277(4137 
' 1072 
292 

58 
3 

and the root required is 21*36094137. 

I now write down the complete process for another equation, one 
root of which lies between 3 and 4 : it is 



4p5— IOd?+I = o 



3 

6 

90 
91 
92 

9 30 
31 
3a 
33 
33 
33 
33 
33 
9 33 
9 33 
9 33 
9 33 



9 
9 
9 
9 
9 
9 
9 



09 



33 



o 

I 
2 

30 

30 
30 

30 

30 

31 
31 



3 
6 

90 

99 

08 

17 



—10 
—1 

1700 
1791 
188300 
18923 1 
19016300 
1902563 I 
1903496300 o o 
1903524299 o 9 
1903552298 2 7 
1903560698 o 5 
1903569097 8 5 
1903569144 5 2 
1903569191 I 8 
1903569193 o 6 
1903569194I9 3 



—1(3*11 10390520730990796 
2000 
209000 
19769000 
743369000000 
1723 117 10273000 
99 124744768 I 
39462875420 

1391491559 
58993123 

o o 1886047 

9 1 17*835 

6 3 1515 

2 183 

8 12 



The student need not repeat the rows of figores so fiir as thej eome 
under one another : thus, it is not neceasarj to repeat 190356. But he 
must lue his own discretion as to how much it would be safe for hfm 
to omit. I liave set down the whole process here as a guide. 
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The following examplei will senre for ezerdaet 

1. 2jr*~ioar-7MO #m 7*10581133. 

2. **-!-**+*•+* » 6000 * ■■ 8'53i437726i. 

3. #'+3«*— 4J^— 10 i« o jr i« i'8956949i6504, 

4. «*+ ioo;r'— 5*— 1173 ■■ o * =■ 4'582Z46o7 1058464, 
6. -v''3i ■- 1*259911049894873 164767210607278.* 

6. jf*— 6jr«- 100 *« 5*071351748731. 

7. **+2jr'+3* ■■ 300 * « 5*95525967122398. 

8. **+* ■- 1000 * «■ 9*96666679. 

9. 270oo»'+i70oo» i« 26999999 ' "" 9*9666666 

10. jr^6*«- 100 *■■ 5-0713517487. 

1 1. jr*— 4jr<+7jr*— 863 «» o * «* 4*5195507. 

12. *^20»+8 ■- o * ■- 4*66003769300087278. 
IS. **-Kr*-Kr-io — o * « *73737oa33« 

14. JA-46J'*— 36jr+i8 ■■ o * « 46*7616301847, or* ■- '347x623 192. 

15. *'+46j'«— 36jr— 18 ■- o * » 1*1087925037. 

16. 899ij4-i6283S4>'+746i7ix— 810CO — o jr»*iii22i333444555.. . . 

17. 7»9*'-4S64r*+99*-6 — o jr— •1111..., or '2222...., or '3333..,. 

18. 24f*+3jr*-4*« 500 «— 5*93481796231515279. 

19. jr'+2jr*+jr~X50MO « » 4*6684090i4554i98325374299i20i7O52S9V' 

20. j^+jt ■■ jr*4-5oo X » S-240963558 144858526963. 

91. jr'+ajr*+3Jp— loooo ■■ o * » 20*852905526009. 

92. JT*— 4JP— 2COO w o jr w 4 581400362. 

93. iojr*-334r^i wr— 100 ■■ o * = 4*146797808584278785. 

24. **-Wf*+jr*+# « 127694 « » 18*64482373095. 

25, ia»*+i I4r*+i2jr « looooo * « 21*1655995554508805. 

96, ofH* —13 * ■■ 2*209753301208849. 

97. jr*fjr*-4Jr-i6oo — o jr « 11*481837157. 

2a.4r*-ajr-5 

M — 2*09455 148 154232659 i48238654O5793Oft963857306io56ato39. 
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and the angle. Turn the angle into seconds,* multiply by the radius, 
and divide the product by 206265. The result will be the number of 
units in the arc. 

To find the area of a circle from its radius, very nearly. Multiply 
the square of the radius by yi^is^zy. 

To find the area of a sector, very nearly, knowing the radius and the 
angle. Turn the angle into seconds, multiply by the square of the 
radius, and divide by 206265x2, or 412530. 

To find the solid content of a rectangular parallelepiped. Multiply 
together three sides which meet : the result is the number of cubic units 
required. If the figure be not rectangular, multiply the area of one 
of its planes by the perpendicular distance between it and its opposite 
plane. 

To find the solid content of a pyramid. Multiply the area of the 
base by the perpendicular let fall firom the vertex upon the base, and 
divide by 3. 

To find the solid content of a prism. Multiply the area of the base 
by the perpendicular distance between the opposite bases. 

To find the surface of a sphere. Multiply 4 times the square of the 
radius by 3*1415927. 

To find the solid content of a sphere. Multiply the cube of the radius 
4 
by 3-I4I5927X-, or 4*18879. 
3 
To find the surface cf a right cone. Take half the product of the 

circumference of the base and slanting side. To find the solid contents 

take one-third of the product of the base and the altitude. 

To find the surfeuie of a right cvlinder. Multiply the circumference 
of the base by the altitude. To find the solid content, multiply the area 
of the base by the altitude. 

The weight of a body may be found, when its solid content is known, 
if the weight of one cubic inch or foot of the body be known. But it 

* The right angle is divided into 00 equal parts called degrees, each degree into 
60 equal parts called minutes, and each minute into 00 equal parts called tecond*. 
Thus, 20 15' 40" means 2 degrees, 15 minutes, and 40 seconds. 
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is usual to form tables, not of the weights of a cubic unit of different 
I. bodies, but of the proportion which thesa weights bear to some one 

amongst them. The one chosen is usually distilled water, and the 
proportion just mentioned is called the tp^fio gravUjf. Thus, the 
• specific gravity of gold is 19*362, or a cubic foot of gold is 19*362 times 

as heavy as a cubic foot of distilled water. Suppose now the weight of 
a sphere of gold is required, whose radius is 4 inches. The content of 
this sphere is 4x4x4x4*1888, or 268*0832 cubic inches; and since, by 
(217), each cubic inch of water weighs 252*458 grains, each cubic inch 
of gold weighs 252*458x19*362, or 4888*091 grains; so that 268*0832 

cubic inches of gold weigh 268*0832x4888*091 grains, or 227- pounds 

2 

troy nearly. Tables of specific gravities may be found in most works 
of chemistry and practical mechanics. 

The cubic foot of water is 908*8488 troy ounces, 75*7374 troy pounds, 
997*1369691 averdupois ounces, and 62*3210606 averdupois pounds. 
For all rough purposes it will do to consider the cubic foot of water as 
■ j being 1000 common ounces, which reduces tables of specific gravities to 

common terms in an obvious way. Thus, when we read of a substance 
which has the specific gravity 4*1172, we may take it that a cubic foot 
of the substance weighs 41 17 ounces. For greater correctness, diminish 
this result by 3 parts out of a thousand. 



THE E^'D. 



THE APPLICATION OF ARITHMETIC TO GEOMETRY. 217 

29. **—8o«*+24Jr*—6J^— 80379639 a* o jr « 123.* 

30. a?*— 242jf'— 63isjr+2577096 «o *—i23.« 

31. 2jr*— 3*3+6^?— 8 ■■ o * >- i'4i42i3562373095^0488o3.* 

32. jr*— i9d?*+i32jf'— 302j»+2oo » o * ■■ 1*02804, or 4, or 6*57653, or 

7'39543ti 

33. 7Jf^— iijf'+6jr8+5jf — 215 jr— 2*7o648o4938579i.t 

34. 7dr'+6jr*+5df*+4a?'+3# « 1 1 jf ■1*7707688 i962265S522379296505.f 

35. 4Jf*+7df*+9jr*+6jf'+5jf«+3* ■■ 792 
a?=«2'052042i768796o53652i404340i28i20i97346o275599545 5417242 i4.t 

36. 2187^— 2430#'+945jr'— i5aF+8-»o dr»*iiii..., or •2222...., or 

•3333."'»or'4444.... 



APPENDIX XII. 

RUUS FOR THE APPLICATION OF ARITHMETIC TO OBOMETRT. 

The student should make himself familiar with the most common terms 
of geometry, after which the following rules will present no difficulty. 
In them all, it must be understood, that when we talk of multiplying 
one line by another, we mean the repetition of one line as often as 
there are units of a given kind, as feet or inches, in another. In anv 
other sense, it is absurd to talk of multiplying a quantity oy another 
quantity. All quantities of the same kind should be represented in 
numbers of the same unit; thus, all the lines should be either feet 
and decimals of a foot, or inches and decimals of an inch, &c. And 
in whatever unit a length is represented, a surface is expressed in the 
corresponding square units, and a solid in the corresponding cubic units. 
This being understood, the rules apply to all sorts of units. 

To find the area of a rectangle. Multiply together the units in 

* These examples are taken flrom a paper on the subject, by Mr. Peter Gray, in 
the Mechanics* Magazine. 

t These examples are taken firom the late Mr. Peter Nicholson's Essay on Invo- 
lution and Evolution. 

u 
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two sides which meet, or multiplj together two sides which meet ; the 
product iff the number of square units in the area. Thus, if 6 feet and 
5 feet be the sides, the area is 6> 5, or 30 square feet. Similarly, the 
area of a square of 6 feet long is 6x6, or 36 square feet (234). 

To find the area of a parallelogram. Multiply one side by the per- 
pendicular distance between it and the opposite side ; the product is the 
area required in square units. 

To find the area cf a trapexium,* Multiply either of the two sides 
which are not parallel by the perpendicular let fall upon it from the 
middle point of the other. 

To find the area of a triangle. Multiply any side by the perpen- 
dicular let fall upon it fi*om the opposite vertex, and take half the 
product. Or, halve the sum of the three sides, subtract the three sides 
severally from this half sum, multiplj' the four results together, and find 
the square root of the product. The result is the number of square 
units in the area; and twice this^ divided by either side, is the perpen- 
dicular distance of that side from its opposite vertex. 

To find the radius of the internal circle which touches the three sides 
of a triangle. Divide the area, found in the last paragraph, by half the 
sum of the sides. 

Given the two sides of a right-angled triangle^ to find the hypothenuse. 
Add the squares of the sides, and extract the square root of the sum. 

Qiven the hypothenuse and one of the sides^ to find the other side. 
Multiply the sum of the given lines by their difference, and extract the 
square root of the product. 

To find the circumference af a circle from its radius, very nearly. 
Multiply twice the radius, or the diameter, by 3*1415927, taking as 
many decimal places os may be thought necessary. For a rough com- 
putation, multiply by 22 and divide by 7. For a very exact computation, 
»n which decimals shall be avoided, multiply by 355 and divide by 113. 
See (131), last example. 

To find the arc of a circular sector, very nearly, knowing the radius 

A four- sided figure, which has two sides parallel, and two sides not parallel 
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